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ABSTRACT

Fundamental questions posed by Boole in 1868 on the theory of sets have in
recent years been translated to problems in graph theory. The major problems
that this paper deals with are determining the minimum number of complete
subgraphs of graph G which include all of the edges of G, and determining the
minimum number of complete bipartite subgraphs which cover G. The two problems
are of a very similar nature. Determining whether there is a projective plane of
order p is a special case of the former problem. The latter problem has a natural
translation into matrix theory which yields tight upper and lower bounds. An
elementary proof is given for Graham’s theorem. Two non-obvious classes are given
for which the above problems are easily handled; however, this author doubts
that these classes can be extended significantly. Two new problems are shown in
this paper to be NP-complete. Finally, several conjectures and unsolved problems
are posed within the body of the paper.

Seetion 1: INTRODUCTION

Unless stated otherwise, a graph ¢ will contain no loops or multiple
edges. If vertex v is adjacent to vertex w, we will denote it as the sym-
metric relation v — w. (This notation will be used with a different meaning
in the case of digraphs.) The edge joining vertices v and w will be denoted
as the unordered pair (v, w).

A complete graph is a graph in which every pair of vertices is adjacent.
A complete subgraph of graph & will be called a clique. A clique is not
necessarily a maximal complete subgraph. A clique will sometimes be
written as an unordered set of vertices. A clique is called trivial if it
consists of only one vertex.

The set of vertices of @ is denoted as V(G). If H is a subgraph of &
then the set of vertices of H is V(H).

If X is a set of vertices of @ then the subgraph of @ induced by X is
the subgraph consisting of the vertices in X and all edges of ¢ with both
endpoints in X. It will be denoted as G|X. Similarly if H is a subgraph
of G then H|X will denote the subgraph of G with vertices in V(H) N X
and all edges in H with both endpoints in X.
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DermniTioN:  The content of graph @ 1s equal to the minimum number
of edge disjoint cliques of G whose union includes all of the edges of @.
The content of @ will be denoted as C(&).

DerniTioN: The R-content of graph G is equal to the minimum number
of cliques of G (with edge repetitions allowed) whose union includes all
of the edges of . The R-content of G will be denoted as RO(G).

Durintrion: A set § of b edge disjoint cliques is called a content
decomposition of G if k=C(G) and 8 includes all of the edges of .

DerintTioN: A set § of k cliques is called an R-content covering if
k=RC(G) and if 8 includes all the edges of G.

The motivation for the definitions of content and R-content stem from
problems in set theory.

Given a family of sets 81, Ss, ..., 8y it is possible to associate with it
a graph G with vertices x1, %3, ..., ¥y such that the number of edges
joining x; to a; is equal to |S; N S _

Conversely, E. Szpilrajn-Marczewski in [14] proved the following
theorem :

TaeoreEM 1.1. Let G be a graph with possibly multiple edges and
with vertices 1, ..., . Then there exists a set § and a family of subsets
Si, ..., 8p of 8 such that |S; N Sy is equal to the number of edges in G
joining z; to ;.

A problem posged by Erdés, Goodman, and Posa in [4] and motivated
by Boole in [1] is the following: what is the minimum number of elements
in a set § that satisfies Theorem 1.1? Boole referred to the number as
the content of the system of sets. It is no coincidence that the content
of the system of sets is equal to the content of the graph. It stems from
the fact that an element of S induces a clique in G.

Similarly the following theorem is true:

TaEorREM 1.2. Let G be a graph with no multiple edges and with
vertices 1, ..., n. Then there exists a set § and a family of subsets
81, ..., 8p of 8 such that |S; N 8| >1 iff 2; and z; are adjacent.

The minimum number of elements in the set § is equal to the R-content
of G. Upper bounds for the content and R-content were given by Erdds,
Goodman and Posa in [4], by M. Hall Jr. in [5], and by Lovasz in [12].
The problem was also considered by Ryser in [13].

Section 2: SOME FLEMENTARY REMARKS ON THE CONTENT AND R-CONTENT

ReMaRk 2.1: If G is a graph and W is a subset of the set of vertices
of @, then O(G)>C(G|W) and also RC(G) > RO(G|W).
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Proor. Let S={Cy, Oy ..., Cr} be a content decomposition (or an
R-content covering) of G. Let S*=8|W={Ci|W, ..., Ox|W}. It follows
that S* is a decomposition (or a covering) of G|W.

REMARK 2.2: Suppose G is a graph with the property that every
edge belongs to a unique maximal clique. Then C(&)=number of distinct
maximal cliques. Furthermore, ¢ has a unique content decomposition.

Proor. Let C. be the unique maximal clique that contains edge «.
Then it follows that if C is any clique containing edge «, C C Ca.

Suppose that 8={C1, ..., Cx} is a content decomposition of . Suppose
further that for some edge «, C.¢ S. Then choose index set I minimal
such that Cu C Uier Ci. For each i € I C; has an edge of U and thus by
the above C; C C4. Thus Cu= |Jier Ci and replacing the C; for i e I by
0. we have a decomposition with fewer cliques. This contradicts the
assumption that S is a content decomposition. Thus the remark is true.

Remark 2.3: Without loss of generality we may add the restriction
that each clique in an R-content covering be maximal.

Proor. Follows directly from definition of RE-content. -

REMARK 2.4: Suppose that in graph G edge « belongs to a unique
maximal clique C.. Then C, occurs in every R-content covering of G
(with the restriction mentioned in Remark 2.3).

Proor. Edge x must occur in some clique. By Remark 2.3, (s is the
only choice.

REMARK 2.5: Suppose G has a subset 4 of edges with the property
that every edge « € A belongs to a unique maximal clique (s and that
S={Ca: « € A}is a covering of . Then S is the unique R-Content covering
of G.

Proor. Follows directly from Remark 2.4.

ReEMARK 2.6: Let ¢ be a graph. Let Gy, be the graph induced by
removing vertex w. Suppose RCO(G)=RC(Gy). Suppose also that Gy has
a unique R-content covering. Then it follows that ¢ has a unique E-content
covering.

Proor. Suppose that Si={C1, ..., C;} and Sa={Ds, ..., Dy} are two
distinct R-content coverings of (. Let Z=V(G)—{w}. Then 8;|Z and
Ss|Z both contain only maximal cliques with respect to Z and cover G.
Thus by hypothesis 81|Z=Ss/Z=the unique R-content covering of Gy.
Furthermore since all cliques in 87 (and S:) are maximal it is easy to
reconstruct §; (and Sp) from §1|Z (and S:/Z) by adjoining vertex w to
all cliques possible. However, since the reconstruction is the same for
S; and Sy we must have that S;=38,.
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Note: The extension of Remark 2.6 to content and unique content
decompositions is not true as can be seen in the following example.

Exampre 1: Let G be the graph described in fig. 1. Then G has a
unique content decomposition. C(Gy)=0C(G)=4. However,

Sl: {(7)17 V2, w)’ (037 V4, ’L()), ('01, 2)4)’ (’Uz, 2}3)}
So={(v1, v2), (v3, v4), (v1, Vs, W), (ve, v3, W)}

are two distinet content decompositions.

Vi

Vi

Va
Figure 1

Section 3: THE DEBRUIJN-ERDOS THEOREM

TerorEM: (DeBruijn-Erdés) Let G'=K,=the complete graph with
n vertices. Let §={C, ..., C;} be a decomposition of ¢ with r<n. Then
one of the following is true.

1) r=1; C1=6G [Type 1]

2) r=mn; one of the cliques contains n—1 vertices. The remaining n—1
cliques are edges. [Type 2]

8) r=n and all the cliques are of size £+ 1 where k24 k- 1=n. [Type 3]

Proor. See [2] for alternate formulation and proof.

Remarx 3.1: It is not difficult to show that a decomposition of type
3 corresponds to a projective plane. The cliques represent lines and the
- vertices represent points (or vice-versa.)

CoroLLARY 3.2: Let G=Kp2ipi1— Kps1. Then C(G)=p2+p iff there
w exists a projective plane of order p.
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Proor. Suppose first that O(G)<p?+p. Then let S={C, ..., C;} be
a content decomposition of G. Then there exists clique Cpyq with p+1
vertices such that S={Ci, ..., Cr11} is a decomposition of Kpe,,11 into
<p?+p+1 cliques. By DeBruijn-Erdos the only possibility is that the
decomposition is of type 3 and there is a projective plane of order p.
In this case,

C()y=p+p.

Conversely assume there is a projective plane of order p. Then there
is & type 3 decomposition of Ky2ipi1 into cliques of size p+ 1. It follows
that there is a decomposition of G into p2+p cliques. Thus O(G) <p®+p.
By the above C(G)=p2+p.

CororrLary 3.3: Let G=K,— Ky Then ¢ has a unique content de-
composition consisting of n—2 edges and one clique with n—1 vertices.

Proor. Analogous to the proof of Corollary 3.2.

DrrintrioN: Let T, =the n-dimensional octochedron = Koy — (1, v2) —
— (vs, va) — ... — (Von-1, Vay) = complement of a perfect matching.

Prorosirion 3.4: C(To)>n+1 for n>2.

Proor. Denote the vertices of T, as vy, ve, ..., Vn, Wi, ..., Wy, Leb
Y={vi, ..., vn}. Let Z={wr, ..., w,}. For all i#j we have that v; — v,
w; — wy and v — w;. Let S={Cy, ..., C;} be a content decomposition of

Tan. Assume that r<n.
Thus 8|Y and 8|Z both form decompositions of K, into <n cliques.
By DeBruijn-Erdés the decompositions are of three possible types.

Case 1. Either S|Y or 8|Z is of type 1. Without loss of generality
assume that it is S|¥ and that C)= (v, ve, ..., vy). Then edges (vi, we),
(v2, w3), ..., (Vn-1, Wy) and (vn, w1) occur in different cliques in §. Thus S
has >mn-+1 cliques contrary to assumption.

Case 2. Either 8|Y or S|Z is of type 2. Without loss of generality
agsume S|Y is of type 2 and that Ci=(vy, vs, ..., ¥p1, Wy) O else that
C1=(v1, ..., ¥p-1). In both cases C; does not include any edge of G|Z.
Thus the other n— 1 cliques contain all the edges of ¢|/Z. But by DeBruijn-
FErdos and case 1 this is impossible. Thus neither S|Y nor S|Z is of type 2.

Case 3. Both S|Y and S|Z are projective plane decompositions of K.
Thus the number of vertices in each C; is 27+ 2 where 72+ 7+ 1=n. Then

the number of edges in all the cliques of § is n(%; ) But we know

2n
2
we get that r=0 and n=1. Thus for n>2 the theorem holds.

that the number of edges of ¢ is < )-—n. By equating the two formulae
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‘Nore: The inequality is sharp in the sense that C’(Te)=4. A content
decomposition is

S={(v1, v2, wa), (v1, v3, we), (w1, V2, v3), (W1, wa, ws)}
CONJECTURE 1:

limi 1

n-—> 0

OTa) _
L) _

The inequality for RC(T3,) is reversed for n>3; ie. RC(Ton)<n+1.
This will follow from the following lemma.

Lemma 3.5: RO(T9n) < RO(Tap-2)+1.

Proor. Using the same notation as in the proof of proposition 3.4
we see that each maximal clique contains either vertex v; or vertex wj
but not both. Hence each maximal clique contains exactly n vertices.
Let §={Cy, Cs, ..., C;} be an R-content covering of Tay 2. Since for each 7,
v and w; are symmetric, it is then possible to relabel vertices so that
Ci=(v1, v2, ..., ¥p1). Let S*¥={Dy, ..., Dpy1} where for i=2,...,r D;=
=0 U {wy}; Di=(v1, ve, ..., 0n); Draa= (w1, we, ..., Wp-1, v). It follows
that S8* is a covering of T9y. Thus the lemma is true.

CoroLrAryY 3.6: RO(T3,)<n+1 for n>3.

Proor. RC(Tg)=4; the corollary then follows from induction based
on Lemma 3.5.

UnsoLvep PropreEM: What is the asymptotic behavior of RC(7'3,)?
I make the following remark without proof. For explanation of the
terms see [7].

Remark 3.7: Let S=class of Boolean functions f: {0, 1}» — {0, 1}
with the property that all of the prime implicants have length n. Let
8" be the subclass of § consisting of functions with the additional property
that for every assignment of two variables the resulting function is not
identically 0. Let " be the function of 8’ with the fewest number of prime
implicants. Then the number of implicants of f is exactly RC(T'sy,).

SgETCH OF ProOF: Label the vertices of T, as a1, w2, ¥3, ..., 2,
Z1, @2, ..., Tn. Then each clique of T, is associated uniquely with a con-
junction of the n boolean variables.

Section 4: THE CONTENT AND R-CONTENT OF THE LINE GRAPH

Derintrion: Let G be a graph. The line graph of @ which will be
denoted as G* is defined as follows: the vertices of G* correspond in a
I:1 manner with the edges of G; two vertices are adjacent in G* if the
corresponding edges of G are both incident with a common vertex of G.
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For examples, see fig. 5 and fig. 6. The following four remarks are straight
—| forward and will be presented without proof.

Remarg 4.1: If ve V(G) has valence >2 then » induces a clique
in G*.

Remarx 4.2: Let Oy, Oy, ..., Cy be the cliques of G* induced by the
vertices v1, v, ..., vy of G. These cliques (some of which may be trivial)
form a decomposition of G*,

Let V3(G)=set of vertices of G of degree 2 or more.

REMARK 4.3: CO(G%)<|Va(B)]
REMARK 4.4: Let G,=@G with edge « removed. Then C(G%)<C(G*).
TaroreM 4.5: If G# K3 and if ¢ is connected then C(G*)=|Vy(G)|.

Proor. By Remark 4.3, T need only prove that C(G*)>|V2(G)|. The
theorem holds for the ¢ described in fig. 2. O(G*)=Vy(G)=3.

g Vi

Vs Ve

Figure 2
Assume that the theorem is false. Let G be a counter example of the
theorem such that G* is minimal with respect to number of edges.
RepvcrioN 1: G does not have two adjacent vertices of valence # 2.

Proor or ReEpUucTION 1:  Assume false. Let o be the edge of ¢ joining
the two vertices. Then

1 O(G2) =V2(Ga)]
by induction hypothesis.
(2) [ Va(Ga)| = Va(@)]




413

by hypothesis.

(3) |V2(F)] > C(G).
By Remark 4.3 and

(4) a(6*) > 0(G%)

by Remark 4.4.
Thus combining the above equations we get that C(G*)=|Va(G)| con-
trary to assumption.

RepvcTion 2: Suppose vertex v of G is adjacent only to vertices x
and w in G. Then 2 is adjacent to w.

Proor oF RepucTioN 2: Assume false. Let a1 be the vertex of G*
corresponding to (v, #) and let as be the vertex of G* corresponding to
(v, w). Then in G* the clique (x1, ) is maximal and must occur in any
decomposition. Create a new graph G from G by replacing vertex » with
two vertices 21, ve of degree 1, with v; adjacent to x, and vz adjacent to w.
Then G*=G* with edge (o1, ae) removed. Then

O(G*)=1V2(F)
by induction hypothesis.

| V2(G) = Va(6)] -1
by hypothesis.
, C(G*) =0 (G*) — 1

because (o, az) accounts for a clique of G* but no clique for &*.
Thus by the above equations C(G*)=|Va(F)| contrary to assumption.

Repvction 3: & must be the graph consisting of » distinct 3-cycles
joined at an articulation point, for some n>2. (See fig. 3.)
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Proor or RepuctioN 3: By Reduction 1 every vertex of ¢ that is
not of degree 2 is adjacent to a vertex of degree 2. By Reduction 2 every
vertex of degree 2 is contained in a 3-cycle. By Reduction 1, at most
1 vertex of any 3-cycle is of degree >3. By hypothesis G is not a Ks.
Thus the graph described above is the only graph possible.

THE FINAL CASE: It will now be shown that the theorem is even
true for the graph of reduction 3. Let us write the vertices of G* as
V1, ...y Von, Wr, W2, ..., Wy Where the v’s correspond to the edges of & which
meet at the articulation point while the w’s correspond to the remaining
edges. Thus the following are all the maximal cliques of G*: (vy, ve, ..., vay),
(v1, v2, w1), (vs, va, Wa), (V5, Ve, W3) ... (Van-1, Van, Wy). Thus in any decompo-
sition of G** there are two possibilities for edge (wj, vey); it either appears
in a clique consisting of only two vertices (Type 1) or it appears in a
clique of three vertices (Type 2).

Suppose S is a decomposition of G* into <2n edge disjoint cliques.
Let m=number of cliques of type 2. Then 2(n—m)=number of cliques
of type 1. Thus the rest of the graph is covered with <2n—(2n—2m)—
—m=m cliques. The remaining graph is ¢’ which is equal to K,, with
a matching of m edges removed.

If m=1 there cannot be a covering by Corollary 3.3. If m>1 there
exists an induced subgraph of G’ which is isomorphic to Tsy. Thus by
Proposition 3.4 and Remark 2.1 there cannot be a decomposition of G
with <m cliques. Thus C(G*)>2n+1=|V3(#)| and the theorem is true.

Dernrrion: A 3-wing is a 3-cycle of a graph with the additional
property that two of the three vertices have degree 2 while the third
vertex has degree 3.

ReEmARk 4.6: If ¢ possesses a 3-wing then G* does not have unique
content decomposition.

Proor. If the vertices corresponding to the 3-wing in G are labeled
x1, o2, o3, x4 it can easily be seen that there are two choices for
G*|{x1, g, o3, s }. The cliques are either (w1, az), (o1, o3), (2, &3, x4) or else
(o1, o2, o3), (xa, xa) (03, x4). See fig. 4.

Remarx 4.7: If G is the graph described in fig. 5 then G* does not
have a unique content decomposition.

Proor. By Theorem 4.5 U(G*)=7. The decompositions are:

S1={(w1, v1, v2), (we, vs, v4), (w3, Vs, v6), (V1, V3, Vs),
(v1, va, vs), (ve, U3, vs), (V2, Va, Us)}
and
So = {(w1, v1), (w1, va), (w2, vs), (w2, va), (w3, v5)
(ws, v6), (v1, va, v3, V4, Vs, V6)}




Vi A, Vs,

Figure 5

Remark 4.8: If G does not have a 3-wing and if G is not the graph
described in Remark 4.7, then G* has a unique content decomposition
and it is the decomposition induced by Vq(G).

Proor. The proof is exhaustive in nature and too long to be worth
including in this paper.

DeriNtriON: A4 wing is a subgraph of G which is a 3-cycle with the
additional property that exactly two of the three vertices has degree 2.
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TraeoreM 4.9: Suppose G#Kjz and that ¢ is connected. Let m=
number of distinct wings of G. Then

RO(G*) = | Vo(G)] —m.

Proor. Reductions 1 and 2 of the proof of theorem 4.5 carry through
as before. The R-content of the graph ¢ in Reduction 3 is n+1 because
there exists n-+1 edges of G* which belong to distinet unique maximal
cliques which include all edges of G*.

CoroLLARY 4.10: Let mj;=number of distinct wings of G; let mga=
number of components of G that are isolated 3-cycles. (i.e. components
equivalent to Ks). Then

O(6%) = | Vo(6)] — 2ma
RO(G*)=|V3(Q)| — 2mg —ma.

Proor. This follows directly from Theorems 4.5 and 4.9 using in-
duction on number of components.

REMARK 4.11: G* always possesses a unique E-content covering.

Proor. Recall that all cliques in the covering must be maximal.
Agsume there is a minimum counter example. Reductions 1 and 2 of
the proof of theorem 4.5 again carry through. The graph described in
Reduction 3 also possesses a unique E-content covering by Remark 2.5.

ReMARK 4.12: The generalization of Theorem 4.5 to multigraphs is
not true.

Proor. 1In fig. 6 |Vy(G)| =4 while C(G)=3. The decomposition is

8= {(v1, va, v3, 1), (1, V2, Vs, Vs), (¥3, Va, Vs, V6)}-

AR

Figure 6

Section 5: THE BICONTENT AND R-BICONTENT

A bipartite graph @ is a graph in which the vertices may be partitioned
into two disjoint sets X ={x;, 2, ..., ¥m} and Y ={y1, y2, U3, ..., ¥u} with
the property that for all 7,5 we have that x; 4 2 and ¥ 4 y.
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A complete bipartite graph is a bipartite graph for which for all
1=1, ...,m and for all j=1,...,n we have that z; — y;.

The bicontent of bipartite graph @ is equal to the minimum number
of edge disjoint complete bipartite subgraphs whose union includes all
of the edges of . The bicontent of ¢ will be dencted as B(4). If k= B(¢)
we will say that set S is a bicontent decomposition of G if § contains k
edge disjoint complete bipartite subgraphs whose union includes all of
the edges of G. '

The R-bicontent of bipartite graph G is equal to the minimum number
of complete bipartite subgraphs (with edge repetitions allowed) whose
union includes all of the edges of . The R-bicontent of @ will be denoted
as RB(F). If k=RB(G) we will say that set § iz an R-bicontent covering
if 8 contains k complete bipartite subgraphs whose union includes all
the edges of G

From here on a complete bipartite subgraph will be abbreviated as a
CBS.

The following remarks are analogous to the remarks in section 2. Their
procfs will be omitted. Unless stated otherwise, all graphs ¢ that are
referred to in this section will be bipartite graphs with vertex set X U ¥
with X and Y as above.

Remarg 5.1: If @ is a graph and W is a set of vertices of G, then
B(G)=B(G|W).

ReMARK 5.2: Suppose that ¢ is a graph with the property that every
edge belongs to a unique maximal OBS. Then B({) is equal to the number
of distinct maximal CBS8’s. Furthermore, ¢ has a unique bicontent de-
composition.

Remarx 5.83: We may assume without loss of generality that each
CBS in an R-bicontent covering is maximal.

REMARK 5.4: Suppose that in graph ¢ edge « belongs to a unique
maximal OBS called C,. Then €, occurs in every [B-bicontent covering.

RrmaRK 5.5: Suppose that ¢ has a subset 4 of edges with the property
that every edge « € A belongs to a unique maximal UBS O, and that
S={Cs: x4} is an R-bicontent covering of ¢. Then S is the unique
R-bicontent covering of (.

REmaRK 5.6: Let Gy be the graph induced from G by deleting vertex
w. Suppose thet BB(GF)=RB(G,). Suppose further that G, has a unique
R-bicontent covering. It then follows that & has a unique R-bicontent
covering.

Section 6: TRANSLATIONS OF RB(G) AND B(@) INTO PROPERTIES OF (0, 1)
MATRICES

Let .# =class of all mxn matrices with coefficients in {0, 1}. For
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A =(ay) and B=(by) with 4, Be .# we write A<B if for all 1=1, ..., m
and for all j=1, ...,n it is true that a;<by. '

A+ B denotes the usual matrix addition while 4 V B denotes boolean
addition. Thus if O=(c;5)=A4 V B then ¢;y=1 if a;; or by=1; ¢;;=0 if both
ay; and by are equal to 0.

We will let »(4) denote the rank of matrix 4 and #(4) will denote
the term rank of matrix 4. The term rank is equal to the maximum
number of I’s no two of which are on a line.

We associate with bipartite graph G a matrix Mg=M¢(s,j) where
Mai,§)=1 if @ — y5; M3, j)=0 otherwise. Furthermore, we associate
with every subgraph I of G a matrix My=Mpu(i,j) where My(i,j)=1
if e —yin H. Mgu(i,j)=0 otherwise. Clearly My < M for all subgraphs
H. The following three remarks are easy to prove, and their proofs will
be omitted.

RemarK 6.1: Let H be a CBS of G. Then »(Myg)=1.

ReEmarrx 6.2: If A e # is such that 4 <M then there is some sub-
graph H of G such that 4=My.

Remark 6.3: If 4 € .# is such that 4 <M and r(4)=1 then there
is a CBS H of G such that My=A.

REMARK 6.4: B(G)is equal to the minimum number of rank 1 matrices
in 4 whose sum is M.

Proor. By Remarks 6.1 and 6.3 it follows that CB8’s in G correspond
in a 1—1 manner with the rank 1 matrices 4 in with the property that
A< Mg It is also true that subgraphs H and K of & are disjoint iff
Mg+ Mg < Mg Then the remark follows from the definition of bicontent.

THEOREM 6.5: B(G)=r(Me).

Proor. Let 4, B, and C be matrices such that C=A4+B. It is a
theorem of matrix theory that r(C)<r(4)+r(B). From this and Remark
6.4 the theorem follows.

THEOREM 6.6: {(M¢)>B(G)>RB(G).

Proor. It follows from the definitions that BB(G) <B(F). Thus it is
only necessary to show that ¢ ¢)>B(¢). For a vertex w of G define
span (w) to be the subgraph of G consisting of w and the vertices of ¢
that are adjacent to w and all of the connecting edges. If H =span (w)
it follows that all of the I’s in My lie in a single line; that is, they all
lie in either one row or in one column. :

It is a theorem of Konig that for any 4 e.#, t(4) is equal to the
minimum number of lines of 4 which include all of the 1’s. Translating
to graph theory, Konig’s theorem says that {(M¢) is equal to the minimum
number of spans of ¢ which include all of the edges of .
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Since a span is a kind of CBS as is any subgraph of a span, it follows
from Remark 6.4 that #{(M¢)>B(G).

The following examples show that the bounds in Theorems 6.5 and 6.6
are in fact tight. Note that in fig. 7 it is true that B(¢) = RB(G)=t(M ) =4,
while 7(M¢)=3. Also B(H)=RB(H)=r(My)=1, while {(My)=2.

i / \

v ? 10 Q
| 0

l
l 0
Ot 10
00| |

- 7

G
P s Wi
v - |
| | |
Np &= i W;.. M
H H
Figure 7

Remark 6.7: RB(() is equal to the minimum number of rank 1
matrices in .# whose boolean sum is equal to M.

Proor. The proof is analogous at that of remark 6.4.

Sectionn 7: COVERING GRAPHS AND DIGRAPHS AND A NEW PROOF OF GRA-
HAM’S THEOREM

Let D be a digraph (directed graph) with no loops or multiple edges.
If there is an edge directed from z; to z; we will write x; — ;. The edge
will be denoted as the ordered pair (ay, z;).

A directed complete bipartite subgraph H of D is a subgraph H such
that V(H)={z1, ..., #r, y1, ..., ¥s} with the property that for all ¢ and for
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all 7, zy # aj; & —>Yj; ¥ 4 % Y # ¥;; a directed complete bipartite
subgraph will be denoted as a DCBS.

Thus it is possible to define the bicontent of D to be the minimum
number of edge disjoint DCBS’s whose union includes all of the edges
of D. Similarly define the R-bicontent of D to be the minimum number
of DCBS’s whose union includes all of the edges of D. We will use the
notation B(D) and RB(D) as before.

REmarx 7.1: It is possible to associate in an obvious manner with
any digraph D a bipartite graph G such that B(D)=B(Gp) and RB(D)=
RB(Gp).

Proor. Let Mp=Mp(i,j) where Mp(3, j)=1 if 2, — 2; and 0 otherwise.
From Mp it is possible to create a bipartite graph Gp such that Me, = Mp.

Furthermore, it is clear from the construction that the CBS8’s of @
correspond in a 1—1 manner with the DCOBS’s of D.

If ¢ is an ordinary graph, we will denote the adjacency matrix of ¢
as Mg Thus Ma(i,j)=1 iff vertex v; is adjacent to vertex v;. We can
extend the definition of B, so that B(() is the minimum number of edge
disjoint C'BS’s that cover the edges of G.

Given n xn real matrix 4, let N+(4) and N-(4) denote respectively
the number of positive eigenvalues of 4 and the number of negative
eigenvalues of 4. If 4 is symmetric, then all eigenvalues are real and 4
has full geometric multiplicity. Hence, in this case N+(4)+N-(4)=
rank (4). The following theorem is due to H. S. Witsenhausen but ap-
pears in [6].

TrEOREM 7.2: B(G)> max (N*+(M¢), N-(Mg)).

Lemma 7.3: Let 4 be a real symmetric matrix. Let ¥+ and V-~ denote
respectively the vector space generated by the eigenvectors corresponding
to positive eigenvalues and the space generated by the eigenvectors with
negative eigenvalue. If v € V+ and v+ 0 then v74v>0. If ve V- and v+#0,
then vTAv<O.

Proor or Lemma: Let {1, ..., A} denote the distinct positive eigen-
values. If v € V+ then there exist xj, «g, ..., ax and vectors i, ..., % such
that Az;=A;x; and such that w=2:.°=1 g, For %7, (v A)awy=Awlz; while
xf (A X;)=Aalz;. Since A4;#4; it follows that af Az;=0. Hence, vT4Av=
= ;=1 Ai(ogz))T (o) >0. A similar argument shows that for v € V- with

v#0, vTAv<0.

Levmma 7.4: Let C be a real nxn matrix. Let 4=C+CT. Then
7(C) > max (N+(4), N-(4)), where r(C) denotes the rank of C.

Proor. Let V¥={x:Cr=0;2cBn}. If xe V* then 2T4x=2T(Cx)+
+(zTCT)x=0. Hence z¢ V+, ¢ V- where V+, V- are defined as in
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Lemma 7.3. Since V¥N V+=V*N V-={0} it follows that dim V*+
+ max (dim V+, dim V-)<n. Thus (n—7(0))+ max (N+(4), N-(4)) <n.
Thus #(0) > max (N+(4), N-(4)).

Proor or TrEOREM 7.2: If G is a graph, let P(G) be the set of digraphs
which are orientations of G. Note that De P(G) if Mp+ Mb=Mo. If
D e P(@) then any DCBS of D induces a unique CBS of ¢. Also, given
any edge disjoint set of CBS’s of @, it is possible to orient the edges of
G to get a digraph D e P(() such that these CBS’s of & correspond to
DCOBS’s of D. It follows that ‘

B(G)= min B(D).

DeP@)

By Theorem 6.5 as applied to digraphs
B(D) >r(Mp).
By Lemma 7.4, for all De P(Q),
r(Mp)> max (N+(Mg), N-(HM)).
Thus the theorem is true. '

CorROLLARY 7.5 (Graham)*). B(K,)=n-—1.

Proor. It is easy to cover the complete graph with n —1 edge disjoint
CBS’s. It is also easy to show that N~(Mg )=n—1.

To form the line digraph D* of D we associate with each edge (x;, 2;)
of D a vertex Ay of D*. There is an edge directed from A;; to 4, in D*
if k=r.

A through vertex of D is a vertex with at least one edge directed in and
at least one edge directed out. Let T'(D) be the number of distinet through
vertices in D.

Tumormm 7.2: B(D*)— RB(D*)=T(D).

Proor. According to & theorem of Harary and Norman in [8] D has
the property that every edge belongs to a unique maximal DCBS, and
that this DCBS is induced by a through vertex. Thus Theorem 7.2 follows
from this and a translation of Remark 5.2 to directed graphs.

Section 8: NP-COMPLETENESS

There has been much research in recent years on a class of problems
called NVP-complete. The reader is referred to [3] and [9] for the exact
definitions and further information on N P-completeness.

Briefly and inprecisely a problem P is said to be reducible to another
problem @ if it is possible to translate problem P in a polynomial amount
of time to problem @. If P is reducible to € we will denote it as P x @.
Problems P and ¢ are said to be equivalent if Px @ and Q « P.

A problem is said to be NP-complete if it is equivalent to a host of

*)  For alternate proof see [6].
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combinatorial (and non-combinatorial problems) including the traveling
salesman problem, determining the chromatic number of a graph, and
determining the maximum size independent set of vertices in a graph.
The ideas involved in NP-completeness will be made more clear in the
following theorem and its proof.

TarorEM 8.1: The following five problems are all NP-complete.

P0) Determine the fewest number of cliques which include all of the
vertices of graph @.

P1) Determine the fewest number of CBS’s of ¢ which will cover a
specified subset H of edges of G (where @ is bipartite.)

P2) Determine RB(G).
P3) Determine RC(G) for graph G.

P4) Determine the minimum number of cliques of G that cover a specified
subset of edges of G.

Proor. PO is proven to be NP-complete in [7]. Solving PO is exactly
the same as determining the chromatic number of the complement of G.
For the rest of the proof it will be shown that PO« Pl « P2 « P3 « P4 & PO,

PO« P1. Let G be a graph with vertices v1, ..., v,. Let G' be a graph
with vertices 21, ..., %y and w1, ..., Yn. In G', @ —y; for all i=1 to n.
Also z; — y; in G” if v; — v; in (. The specified set ' of edges in & are
the edges (s, y;) for all i=1 to n.

Any clique € in G which includes v; induces a UBS in ¢ which includes
(i, yi). Conversely let " be a OBS in G’ which includes (25, 1,), (%5, ¥is)s -+
cous (T, i) Then in @ it is true that (v, vy, ..., ¥3) is & cliqgue. Thus
the minimum number of cliques that cover the vertices in G is equal to
the minimum number of CBS’s in G that cover the edges of H'.

Pi« P2, Let G be a bipartite graph with vertices w1, ..., s, %1, ..., ¥s
and a specified subset H of edges. Let &' be another bipartite graph
such that ¢ is a subgraph of ¢'. In addition, for every edge (z;, 1) € G
such that (x;, y;) ¢ H there are two extra vertices in G’ labeled zy; and ;.
In & 2y — yy, %y — y, and 2 — yy. Thus in G, (2y, yy) is an element
of a unique maximal CBS which includes edge (2, 1%). By Remark 5.4
we may assume that the OBS occurs in every R-bicontent covering. Since
the construction was carried out for every edge (z;, y;) € H, it follows
that we may assume that all edges not in H have been covered by OBS’s.
Thus the number of OBS’s of G that cover the edges of H is eqnal to
RB(G') - |H¢| where H¢ denotes the set of edges of ¢ that are not in H.

P2« P3. Let ¢ be a bipartite graph with vertices 1, ..., @5, ¥, ..., ¥z
Let @’ be a graph such that ¢ C @. In addition for every 7 and j such
that ¢£j we have in G’ that x; — z; and y; — y;. Finally two extra
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vertices are in G'. Vertex z; is adjacent to every a;. Vertex zs is adjacent
to every . In G edges (z1, 1) and (2, 1) belong to unique maximal
cliques (21, #1, ..., %) and (22, ¥1, ..., ¥¢). The remaining edges in &' corre-
spond to edges in . Also every CBS in G induces a clique in @'. Thus
RB(G)=RC(G")—2.

P3 x P4. Choose H to be all edges of G.

P4« P0. Let G be a graph with vertices v, ..., v,. Let the specified
subset of edges of ¢ be H={ei, ..., em}. Let ' be another graph with
vertices wi, ..., wy where for ¢+£j w; — w; in G” iff ¢; and ¢ belong to a
common clique in G. (i.e. if the 3 or 4 end points of edges ¢; and ¢; are
all adjacent to each other.) A clique (wy, ..., wy,) in G’ corresponds to
a clique in ¢ which includes edges ¢;,, ..., ¢, Thus the minimum number
of cliques of G covering the edges of H is equal to the minimum number
of cliques of G’ covering all the vertices.

CommENT. The reader with a knowledge of NP-completeness will
realize that a proof that P4 € NP could be substituted for the last part
of the above proof; however, the above proof is perhaps more interesting.

It is commonly believed that if a problem is NP-complete, then there
is no polynomially bounded algorithm to solve the problem. Thus to
get an answer on a computer, heuristics must be used for larger problems.

It seems intuitively obvious that determining the content or bicontent
of a graph is NP-complete. However, the author knows of no proof of
the assertion. It is known that both problems are in the class NP.

It was prove in [11] that problem P3 (and hence also P4) is N P-complete.
That publication appeared after the original writing of this paper and
was discovered independently. The proofs are similar in nature although
far from identical.

Department of Operations Research
Stanford University
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