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Abstract

A qualitative analysis of the trajectories of a missile pursuing a

maneuvering target acording to the proportional navigation law is

presented. Conditions for a mmWis to reach the target from any

.initial state are determined. The existence of a boundary for the

required missile acceleratibn is demonstrated.

Introduction

One of the most frequently utilized methods of nav-
igation for controlling the trajectory of an interceptor
missile is proportional navigation, a homing guidance
technique in which the missile turn rate is directly
proportional to the tum rate in space of the line of sight.

When the target maneuvers with normal acceleration, the
trajectories of the missile are defined by a nonlinear
time-varying system of differential equations which cannot
be solved in analytic terms.

In classical theory [1], (2], strong assumptions are
made in order to reduce this system of differential
equations to a unique linear time-varying differential
equation of the first order solvable in analytic terms.

The purpose of this paper is to show that qualitative
methods can be applied to obtain the general solution when
planar pursuit is considered. The methods applied here are
an extension of such methods utilized in [31 for the case of
a nonmaneuvering target.

System Equations

Planar pursuit with a maneuvering target is depicted in
Fig. 1. Target T and missile M are considered as geometric
points with constant velocities VT and VM and normal
accelerations aT and aM, respectively. The pursuit will be
described in a relative system of coordinates centered at T
and axis Tx parallel to VTO, the initial direction of VT.

Letting a dot denote differentiation with respect to
time, we have the equations of motion

V0 = rO = VM sin a + VT sin (0 - ()
Vr =; = VM cosa- VT Cos (O- 3)
1= aT/VT
j = aM/ VM.

(1)
(2)
(3)
(4)

When M follows a proportional navigation law, aM, the
normal missile acceleration, is defined by

aM =NVMO

whereN is the navigation constant.
From Fig. 1,

a = -0 + 2f.

(5)

(6)
Substituting (5) into (4), integrating with initial con-

ditions 0 O, yo, and substituting the resulting -y into (6),
a = kO- ipo (7)

where
ipo = kOo- ao

k=N- 1.

(8)
(9)

Assuming now aT constant and integrating (3) with
respect to t,
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from (10), respectively, into (1) and (2),

rO= V0(0, t)

; = V.(0, t)

where

V0(0, t) = VM sin (kG - Vpo) + VT sin (0 - aVTt) (13)
Vr(0, t) = VM COS (ko- Po) - VT COS (0 - aVTt)- (14)

The second-order nonlinear time-varying system of
differential equations formed by ( 1) and (12) completely
defines the pursuit. Its solutions will provide the trajec-
tories of the missile in the relative system of coordinates
previously defined.

An analysis of the solutions of this system of differential
equations will be performed in the following sections.

Fig. 1. Plane pursuit.

Qualitative Study

The solutions of the nonlinear time-varying system of
differential equations (11) and (12) are not available in
closed form. For this reason the qualitative methods
developed in [31 for the case of a missile pursuing a
nonmaneuvering target according to proportional naviga-
tion will be used here to extend the previous results to the
more general case of a maneuvering target.

The values of 0 which make V0 and Vr equal to zero are
defined, respectively, by the following two implicit func-
tions of time:

V0/IT = v sin (k0 -9po) + sin (00 -a,Tt) = ° (15)

Vr/VT = v cos(kOr-fpo)-COS (Or-avTt) = 0 (16)

where v = VM/VT.
Assuming for the moment t constant, the following can

be demonstrated [3].
Lemma 1: If v > 1, kv > 1, then the roots of (15) and

(16) alternate along the 0 axis.

Lemma 2: If v > 1,kv > 1, then

Vr(08s t) 43# (09o t) > Oao
where 00 is a root of V0 = 0.

From Lemmas 1 and 2 it results that V0 and Vr can be
depicted in all generality for a constant t, as is shown in
Fig. 2.

Separating now t in (15) and (16),

Fig. 2. Vr and V0 versus 01(t = constant).
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It is readily seen that functions ¢X9 and 4br exist in the real
field if and only if

Isin (k0 - upo)j < lv (19)
and

Icos (kOr-fpo)j < lIv, (20)

respectively.
Conditions (19) and (20) can be rewritten in the form

Iko -upo + nrl < arcsin (l/v) (21)

IkOr - 'po + n7r + 1r/21 < arcsin (l/v). (22)
Replacing po by its value given by (8) and rearranging,

Ono- (l/k) arcsin (l/v)<0 <6 on + (I/k) arcsin (l/v)
(23)

("i 8(0o) = a - arcsin [-v sin (kO - pO)]
t = 4D((2o)=1

D2 ( 0)=; a- I0+arcsin [-vsin(k0 - po)I -rI

[v cos (kO, - po)l I

,[v cos (kOr- po)] .

GUELMN: NAVIGATINWMH A MANEUVERING TARGET

(11)

(12)

t = br((r) =
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On,O + 7r/2k - (1/k) arcsin (1/Iv) 6., < 0nO

+ ir/2k + (1/k) arcsin (1/v) (24)
where

OnO = 00 - xolk -nr/k. (25)
Conditions (23) and (24) are depicted in Fig. 3 in the

circle of radius unity. Equations (23) and (24) determine
two classes of sectors in the polar plane which will be
denoted by So and Sr, respectively. These sectors have the
following properties:

1) Se and Sr are independent of the target acceleration.
2) They do not intersect if VM > -/TVT (i.e., v > ).
3) The angle co they span is

X = (2/k) arcsin (1/v).

4) The separation between two successive Sr, So sector
bisectrices is 8 = 7r/2k.

Lemma 3: Given any real t = tl, if v > 1 and kv > 1,
there exists one and only one value of 0 = 0 (Or) in each
sectorSo(Sr) such that Ve( 00, t1)= 0(Vr(Or, t)-0).

The proof can be found in Appendix I.

Let Se and Sr be disjoint, i.e., VM > '/WVT.
In Fig. 4, where Vr and V0 are depicted once again for a

constant t, eight different classes of sectors can be
distinguished:

So+ = J0: given any real t, V, (0, t) = 0, Vr(0, t) > 01

S,- = j: given any real t, V0(0, t) = 0, Vr(0, t) < O)
Sr+= {: given any real t, Vr(0, t) = 0, V0(0, t) > O}
Sr = 0: given any real t, Vr(G, t) = 0, Vj,(0, t) < 01

r,+= {I0: V0(0, t) >O, for all real t

a0= J0: V0(0, t)<0, for all realt)
ar'= J : Vr(O,t) > O, for all real t

Ur = JO: Vr(0, t)<0,forallrealt}.

We now have all the necessary elements to perform an
analysis of the trajectories of the missile, as presented in the
following sections.

Polar Plane

In this section conditions under which the missile can
reach the target will be determined.

In Fig. 5 the plane of the relative pursuit with the
sectors defined in the previous section is depicted. The
following theorem will now be proved.

Theorem 1: A missileM pursuing a maneuvering target T
according to the proportional navigation law, with N and
VM such that

1) VM>XVT
2)N> 1 + VT/VM

reaches the target from any initial state MO(ro, OO) exterior

Fig. 3. So and Sr sectors.

Fig. 4. S and a classes of sectors.

to So. Moreover, M arrives at T in the interior of a sector
SOe.

Proof: LetMO e a(+ fl a'+, where
V00>0, Vro>0.

M starts its course going away from the target. V0 and Vr
satisfy, respectively,

1) VO(O, t)> 0, for O <0 <O0 1 and all t
2) Vr(O, t) < VM + VT, for allOand t.

V0 (0, t) is a continuous function. There consequently
exists V0m such that 0< Vom S VO, for o0 <O <O0 1 and
al t.

Integrating 2),

dt f (VM+ VT) dt.

Hence,

r.ro + (VM + VT)t

It follows then

V0m < V0 = rO< [rO + (VM + VT)tIO
for 00 0 <Oo91 and all t.

Rearranging,

rO + (VM + VT)t

IEEE TRANSACrIONS ON AEROSPACE AND ELECRONIC SYSTEMS MAY 1972

r

I££

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on June 13,2020 at 09:35:17 UTC from IEEE Xplore.  Restrictions apply. 



/

Fig. 6.

Fig. 5. Polar plane.

Integrating,

Jf dt)> Vom dt,)
d>fo ro + (VM + VT)t

whence
V0m ro+(VM+VT)t

O.>0°+ V+V log-
VM+VT r

From here it results that 0(t) will be greater than any 01
< 001 for a finite t. In other words, 0 increases uniformly
for increasing t, and M will approach So- after entering a,-.

In an equivalent form it can be shown that with initial
conditions ro, 0 such that

M e fln or'
(i.e.,M starts its course going away from the target, as in the
previous case, but now V0 (0, t)< 0), 0 decreases uniformly
for increasing t, andM approaches S0- after entering ar-.

For increasing t, a trajectory entering (r- [Vr(O, t) < 01
will tend to the origin. Given the fact that the trajectory
can arrive at the origin only along one of the directions 0 =
00 [V0(0'0, t) = 0], the relative trajectory ofM enters So-.
Once in So-, recalling the previous steps, M remains in it
until T is reached.

Finally we remark that ifM starts its course atMo e SO-,
the entire trajectory will be interior to SO-.

Remark 1: The condition

VM > -4/2VT
is required in order to have Sr and S0 disjoint, which in
turn assures thatM enters CJr

Remark 2: The condition

MO #0+

must be added to assure V0 0 for Vr >0.

Remarks 3: It is worthwhile to rewrite the conditions
defining S0 in terms of a. Substituting a from (7) into (23)
where 0no was substituted from (25),

~4 VT

SO+ and Sc sectors.

-arcsin (l/v) - fliT< cof S arcsin (1/v) -nir. (26)

Condition (26) defines two sectors,

SJx+ = coa: -arcsin (l/v) < oto < arcsin (I/v)}

Sj- = { a: -arcsin (1/r) - ff < ao < arcsin (1/v) -r.
SJ- and Sa+ are depicted in Fig. 6. Sa corresponds to VM
pointing to the semiplane containing the target T, and SC,
corresponds to VM in the opposite direction.

The essential differences between So and Sa are the
following.

1) The sectors Sa are independent of the initial con-
ditions.

2) As opposed to SO, which is absolutely referred, Sa
permanently rotates in keeping with the line of sight.

The final part of Theorem 1 assures us, now in terms of
a, that if VMO e SOT, VM e SOa along the entire trajectory.

This result is of practical interest. X = -a is the angle
formed by the missile and tracking system axes. If the angle
of attack is neglected, VM and the missile axis are aligned.
The maximum lead angle which may be required by the
missile appears to be

XM = arcsin (1/v).
This result establishes a relation, not previously known,
between the ratio of velocities v and the maximum value of
the lead angle X.

Remark 4: We recall once again that So and Sr are
geometric elements depending only on two parameters, v =

VM/VT, the ratio of velocities, and N, the navigation
constant. The value of the target acceleration plays no role
in the development of Theorem 1.

Let us consider now the case Mo e S0o. For this purpose
let us differentiate (11), where V0 was replaced from (13),
with respect to time t:

rO+0 = kVM cos (kO -vo)
+ VT cos (0 -aVTt)( -aVT) (27)

Substituting from (12) into (27) and rearranging,

rO = VsO - aT cos (0 -aVTt) (28)
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where

VS
av

V = (k-1)VM cos(k0(O- p)ao
+ 2VT cos (0 -aVTt)- (29)

Lemma 4: If 0 e So' (SO-), then

VS >V e (VS < Ve)

where

Ve = (N- 2)%/vVM2 -VT2 2VT.
The proof is given in Appendix II.

Lemma S: Let 0 = 0(t) be a solution of system (11),
(12) such that

wet) >0(1)(t3 is d< 01(t))
where 01l (t) is defined by

VSO I - aT COS (O- avTt) =O. (30)

Then, if

1) Vs > 0, 0 is an increasing (decreasing) function of
time

2) Vs < 0, 0 is a decreasing (increasing) function of
time.

The proof can be. found in Appendix III.

We have now all the elements to prove the following
theorem.

Theorem 2: IfMO e So' and

1) VM>V'2VT
2) N> 2 + (2 VTI/IVM 2 )> I + VT/VM
3) IoOi> laTI/[(N-2)V- T T-2VTI,

the missile M reaches the target T.
Proof The proof reduces to show that when con-

ditions 1)-3) are fulfilled, V0 * 0 forM e SO'. This in turm
implies that Theorem 1 can be applied to prove the capture
of T.

From Lemma 4 withMO e Se+,

V5S Ve -(N2)- ---T -2VT>0,
the last inequality being derived from condition 2) above.

Let us consider
aT cos (0- avTt)

With Vs >0,

6-TI laTI IaTI laTI- .---- ~01(t)< -
Ve Vs VS Ve

From Lemma 5 it follows that if I0o l > laTI/Ve

IaTI101>-Ve
for M e S+. This implies that M goes out of So+ and the
proof follows as im Theorem 1.

eo

Fig. 7. Relative trajectory.

In Fig. 7 a typical trajectory obtained by numerical
integration is depicted.

Missile Acceleration

The strongest limitation in air-to-air missiles is due to the
missile acceleration capability.

In [4] it was proved that a missile M with constant
velocity VM, pursuing a maneuvering target T with constant
velocity VT and normal acceleration aT, can capture T
from any state if (and only if) aM > aT-

Theoretically this result can be implemented as it is done
in the proof of this theorem. In practice this result has not,
at the present time, a practical value.

The reason which made proportional navigation the most
commonly utilized technique in air-to-air missiles is pre-
cisely its ease of implementation. But even though it is
widely utilized, the determination in a ngorous form of the
maximum required missile acceleration remained an open
field.

The following theorem represents a partial result in this
area.

Theorem 3: The normal acceleration of an ideal missile
pursuing a maneuvering target T, according to the pro-
portional navigation law, and starting atMO e S07 with

1) VM>VVT
2) N> 2 + (2VT/V -VT7)> 2 + 2(VT/VM),

is such that if:

a) laMO I > aM,, where

N VM
am = la___ITI (31)

(N- 2)(VM/VT)2 -1-2 VT

thenaM will decrease until laMI <aM,;
b) if laMoI <aM,, then laMI <aM,.

Proof: From Theorem 1, ifMo starts its course at S,07,
the entire trajectory belongs to Si7.
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Now, ifM e So-, it follows from Lemma 4 that

VS < Ve < 0,

the last inequality being derived from condition 2) above.
Let us consider

aT cos (O - aVTt)
01 = (32)

With Vs < 0,

(t) <-aTV VeVs Ve

and

Vs Ve

From Lemma 5 it follows straightforwardly that if

>
laTI
Ve

101 is a decreasing function of time, and this at least until

i< IaTi
Ve

In terms of missile acceleration, if

laM,,I =NVM1001NI - aM1,Ve

then WaVI will decrease until

laMI<qaM,
Part b) follows directly from the proof of part a).

Remark 5: For a nonmaneuvering target aM, = 0, and
the result is simply that aM decreases uniformly to zero.
Recall that in [3] a more restricted result was found
involving only the behavior of aM in the neighborhood of
the collision course. Now, with stronger conditions, a more
general result is found applying to aM in all the S,7 sector.

Remark 6: ForN and (VM/VT) going to infinity,

limaM, = laiTI-
From Fig. 1, for a rear attack,

7r/2 < 0 - 3< 3X/2

which in turn implies

cos (0 - 3) <0.
For this case the following result can be proved.

(33)

Fig. 8. Missile acceleration.

is such that if the entire pursuit is restricted to the rear of
the target

laMI < (VM/VT)laTI (34)

if laM0 I < (VM/VT) laTl. If laM, I > (VMIVT)IaTl, laTI will
decrease until (34) is fulfilled.

Proof: ForMO e SO *M e Se- thus

Vr < 0.

From (14),

VM cos (kO - po)) < VT COS (0 - aVTt).

Applying this to Vs,
Vs = (k- )VM cos (kO -po) + 2VT cos(- aVTt)

< (k + l)VT COS (0 - aVTt)- (34')

With Vs < 0,
cos(O- avTt) < 1

VS NVT
For a rear attack, recalling (33), cos (0 - aVTt) < 0, where
B was replaced from (10), and from (34') Vs < 0. Then, for
aT>O,

aT cos(O - aVTt) < aT
<1 VS NVT

For aT< ,

aT<6 <0.
NVT

Applying Lemma 5 now, the conclusion follows straight-
forwardly.

Fig. 8 shows the missile acceleration aM as a function of
time for the trajectory depicted in Fig. 7.

Theorem 4: The normal acceleration of a missile M
pursuing a maneuvering target T, according to the pro-
portional navigation law, starting atMo e So- and with

1) VM> 2VT
2)N>1 +VMIVT,

GUELMAN: PROPORTIONAL NAVIGATION WTH A MANEUVERING TARGET
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In this paper an analysis of the trajectories of a missile
pursuing a maneuvering target according to the pro-
portional navigation law was performed.
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The qualitative methods applied here are revealed to be
powerful enough to overcome the difficulties encountered
with a nonlinear time-varying system of differential equa-
tions.

The division of the relative plane of the pursuit into
classes of sectors provided a clear insight into the missile
behavior and enables one to find conditions under which
the missile can reach the target from any initial state.

The difficult task of determining boundaries for the
missile acceleration was undertaken and results were ob-
tained for the case where the missile lies in preassigned
regions of the relative plane of the pursuit. Fig. 9. (Do versus 0.

+
kv cos (kO - (po)

Setting d4D. o/dO to zero,

kv cos(kO -(po)

N1-=[v sin (kO -yo )] 2:

(35)

(36)

Squaring and rearranging,

k2v2 cos2 (kG -pO) = 1- v2 sin2 (kO - (po). (37)

Replacing sin% (k - (oo) by 1 -cos2 (kG - (pO) and
.O

rearranging once again,

Cos2 (k _0) 2s(k )2 (38)

For v > 1 and kv > 1, (38) has no roots in the real field.
Consequently, d 10/dO is sign defimite and the extrema of

oDi are located at the So boundanres.
In an equivalent form it can be shown that d4)20/dO also

has no roots in the real field, being in consequence sign

definite. The extrema of P2 o are thus also located at the So
boundanies.

The So boundanres are defined by

vsin(kG-(p0)=±. (39)

Hence,

0 1 = [p0 + arcsin (1/v) + 2nrr] Ik (40)

02' = [,oo-arcsin ( l/v) + 2n7rr /k (41)
or

0 1- = r/k - 0 1

02 = Tr/k-02+

(42)

ti I 'Pie(Oi+)= a- I [epo +-arcsin(l/v)]

-3 X + 2nir (44)

tl 2 =D01(02+) =a k[fpo-arcsin (Il/v)] -27 + 2n7r

(45)

t21 = D20(o1)= a [.po + arcsin (I/v)] + 2 + 2nir

(46)

t22 =4'20(02) =
I [IPo - arcsin (lv)] - 2 +2n7r

(47)

Representing 'Il 0 and 420 in Fig. 9, the result follows
straightforwardly.

For the second set of 01, 02 values, the proof follows in
an equivalent form. For the case of Vr similar steps can be
followed to arrive at the proof.

Appendix II

Proof of Lemma 4

For 0 belonging to So' (SeO)
1) Isin (kO -po) < l/v
2) So+ e q+ (Se uO) Vr(0 t) >O (Vr < 0), for all t.

From 1) it follows that

Icos (kO - p)j > cos [arcsin (li/v)] =_____.

From 2),

cos (k -po) >O (cos (kO -po) <O).

(43) In consequence,

are in terms of the S0 boundaries. Substituting the first cos (kt - /p)> <c 1
set of01, 02values into 41 0 and '20 oV -V
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With

cos (f- a,Tt) >-l1 (cos (@- a,Tt)<6 )
it follows that

Vs > (k-1)VM - 2VT

(Vs<S k-1)VM v + 2VT.)

Appendix III

Proof of Lemma 5

0>01 (i < XI) can be rewritten as

O=6, +6s (0=ii-0s) (48)

where is = OS(t) > 0. Substituting O from (48) into (27),

rO = Vs6s (r =-Vss).

Hence,

1) if Vs > 0 - 0> 0 (O < 0), then 0 is aii increasing
(decreasing) function of time;

2) if Vs < 0 - 0 < 0 (O > 0), then 0 is a decreasing
(increasing) function of time.
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