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Abstract

We argue that hallucination in large language models is driven in
part by unconstrained latent dynamics: residual updates evolve in
high-dimensional Euclidean space without contractive structure that
bounds drift. Recent work on Hyper-Connections [Zhu et al., 2024]
shows that unconstrained residual mixing can destabilize training, and
that projecting mixing matrices onto the Birkhoff polytope (doubly-
stochastic) restores stability.

We unify these observations within an ERLHS-style coherence frame-
work: doubly-stochastic projection is a special case of non-expansive
evolution on a constrained set. The constraint ensures bounded mix-
ing but does not, by itself, impose a neighborhood graph or Laplacian
spectrum that filters incoherent modes. We provide a constructive
topology—the 2D torus (Tonnetz)—as an architectural prior that in-
troduces a spectral gap Ay = O(1) for fixed side length, enabling ex-
plicit suppression of high-frequency drift.

This establishes a hierarchy of sufficient conditions for coherence:
mHC (Birkhoff contractivity) C ERLHS (Hamiltonian-inspired bounds)
C Karmonic (Toroidal + Spectral filtering).

Experimental validation: In our Phi-2 (2.7B) experiments, a
training-time toroidal attention mask reduces drift rate by 40% on syn-
thetic sequences and achieves +19.5% relative improvement on Truth-
fulQA (817 questions) with best-in-class HaluEval performance (52.60%
vs. 55.00% baseline). Preliminary results on ByteDance’s Ouro-1.4B
Universal Transformer showed toroidal logit bias (TLB) at 4 recurrent
loops achieving 90% accuracy on a 20-prompt factual QA benchmark,
exceeding the 8-loop baseline (85%). v7 update (March 2026): A
comprehensive replication of the inference-time TLB across 4 mod-
els, 3 benchmarks, and 6 experimental phases found that TLB does



not produce statistically significant hallucination reduction (McNe-
mar p = 0.22). The previously published multi-model TruthfulQA
improvements (+2.1pp to +2.8pp) were within LLM judge sampling
variance. Training-time results (Phi-2 LoRA, toy model) remain valid.
See Section Code, configurations, and logs are released at https:
//github.com/Paraxiom/topological-coherence.

1 Introduction

Transformer architectures lack geometric structure in their latent dynam-
ics. The residual stream h; € R™ evolves without contractive constraints,
without topological structure, and without spectral filtering. This is not an
incidental design choice—it is a missing invariant.

The empirical consequence is well-documented: large language models
hallucinate [Ji et al., 2023]. But hallucination is the symptom. The under-
lying cause is that unconstrained residual dynamics permit arbitrary drift
through latent space.

We argue that hallucination is not a training data problem, an alignment
failure, or an inherent limitation of autoregressive generation. Hallucina-
tion is a geometry problem.

1.1 The Missing Constraint

Consider the latent dynamics of a transformer layer:

hit1 = hi + fo(he, @) (1)

where h; € R™ is the hidden state and fy is the residual function (atten-
tion + feedforward). There is no constraint ensuring that h;y; remains in
any geometrically meaningful subspace. The residual connection preserves
dimensionality but not structure.

Recent work on Hyper-Connections (HC) [Zhu et al., 2024] extended this
paradigm by expanding the residual stream width:

Tip = leesxl + H})OSETF(H;)rexZ’ m) (2)

where H[* € R"™" mixes features across parallel streams. While this im-
proves expressivity, the unconstrained nature of H;* leads to signal explo-
sion or vanishing when composed across layers.

DeepSeek’s Manifold-Constrained Hyper-Connections (mHC) [Xie et al.|
2026] addresses this by projecting H;* onto the Birkhoff polytope of doubly-
stochastic matrices:

Ppgres(H®) ;= {H c R™" | H1=1,1"H=1",H > 0} (3)

This constraint ensures:
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1. Spectral norm [[H[*|2 < 1 (non-expansive)
2. Compositional closure under matrix multiplication

3. Convex mixing of input features

1.2 Our Contribution

We show that the mHC doubly-stochastic constraint is a special case of
coherence-preserving Hamiltonian dynamics on smooth manifolds, as for-
malized in ERLHS [Cormier}, 2025a]. Furthermore, we demonstrate that:

1. The doubly-stochastic constraint ensures non-expansive mixing but
does not impose a persistent neighborhood graph or Laplacian spec-
trum for filtering

2. Toroidal (Tonnetz) topology provides richer structure with constant
spectral gap (for fixed side length)

3. The spectral gap enables explicit suppression of high-frequency inco-
herent modes

4. Enforcing topological constraints bounds hallucination rate empiri-
cally

The key insight is:

mHC solves signal stability. ERLHS solves coherence preserva-
tion. The Tonnetz provides the geometry where both are satisfied
sitmultaneously.

1.3 Scope and Claims

This paper does not claim the Tonnetz is the only admissible coherence
manifold. It is presented as a constructive existence proof of a topol-
ogy with bounded drift and constant spectral gap. The contribution is
the principle—that latent geometry determines reasoning stability—mnot the
specific manifold choice. This is consistent with the Neural Latent Geom-
etry Search (NLGS) framework [Sdez de Ocariz Borde et al., 2023], which
demonstrated at NeurIPS 2023 that the choice of latent manifold (from a
product space of Euclidean, hyperbolic, and spherical components) signifi-
cantly impacts downstream task performance, and that Gromov-Hausdorff
distances between candidate geometries provide a meaningful inductive bias.
Our work extends this principle from encoder latent spaces to inference-
time logit biasing in LLMs, using the discrete torus—a product manifold
T? = S x S1—as the geometric prior. The product manifold framework of



Gu et al. [2018] further supports the tractability of this approach, as expo-
nential maps and geodesic distances on product spaces of constant curvature
retain closed-form solutions.

We also distinguish three levels of guarantee:

e Training-time stability: Addressed by mHC’s doubly-stochastic
constraint

e Inference-time coherence: Addressed by ERLHS coherence verifi-
cation

e Architectural prior: Addressed by toroidal topology with spectral
filtering

These are complementary, not competing. A complete solution requires
all three.

2 Background

2.1 ERLHS: Hamiltonian Coherence Framework

The Externally-Regularized Latent Hamiltonian System (ERLHS) |[Cormier,
2025a] defines coherent machine intelligence as evolution on a constrained
manifold.

Terminological note: ”Hamiltonian” here refers to the existence of a
coherence functional H whose level sets define admissible states—not to lit-
eral energy conservation or symplectic dynamics. Practical implementations
(Sinkhorn projection, spectral filtering, rejection sampling) are dissipative,
not symplectic. ERLHS is Hamiltonian-inspired: it borrows the structure
of conserved quantities without requiring strict energy preservation.

Definition 1 (ERLHS Agent). An ERLHS agent is a tuple (M,w, H,T,C)
where:

o M is a smooth latent manifold

e w is a symplectic structure

e H: M — R is a coherence functional
e T is a transition operator on M

e (' is a coherence verifier

Definition 2 (Admissible Transition). A transition z; — zi41 is admissible
if and only if:
H(z41) < H(z) + € (1)

for small tolerance €. This enforces coherence-preserving flow.



The coherence functional H penalizes off-manifold drift. Intuitively, H
measures deviation from learned relationships among latent variables. Co-
herent reasoning corresponds to trajectories of non-increasing H.

Theorem 1 (Bounded Adversarial Influence, Cormier| [2025a]). If H is
Lipschitz with constant Ly, then:

zt41 = 2ell < Lig'[H (2041) — H ()| (5)

Adversarial perturbations cannot induce large hidden-state deviations.

2.2 Karmonic Mesh: Spectral Consensus on Toroidal Topol-
ogy

The Karmonic Mesh [Cormier}, |2025b] provides the topological structure for
coherence-preserving dynamics.

Definition 3 (d-Dimensional Torus). The mesh T = (Z/N)? has:
o N? yertices

e FEach vertex connected to 2d neighbors (£1 in each dimension, with
wraparound)

e No boundary effects (every vertex is equivalent)

Theorem 2 (Toroidal Spectral Gap, Cormier| [2025b]). Important caveat:
The following gap bound holds for fixed torus side length N. Scaling N
reintroduces gap decay as O(1/N?). The claim is that for a given topology
choice, the gap is constant in the number of nodes N%, not that it is constant
under all scalings.

The eigenvalues of the graph Laplacian L on 7}{1, are:

AK) = 2d — QZd;cos <2”N";J> (6)

The spectral gap 1s:
27
A1 =2—2cos <N> =0(1) (7)

for fized N, independent of total nodes N¢.

Theorem 3 (Hyperfluid Propagation, |Cormier| [2025b]). On the Karmonic
Mesh:

1. Low-frequency modes (coherent information) propagate without atten-
uation

2. High-frequency modes (incoherent noise) decay as e~



2.3 mHC: Doubly-Stochastic Residual Mixing

Manifold-Constrained Hyper-Connections [Xie et al. 2026] addresses the
instability of expanded residual streams by projecting mixing matrices onto
the Birkhoff polytope using the Sinkhorn-Knopp algorithm.

Given a positive matrix M) = exp(H [%), iterative row-column normal-
ization:

MY =T (T(MY)) (8)

converges to a doubly-stochastic matrix.

Key empirical finding: Without this constraint, 27B parameter mod-
els exhibit loss spikes and gradient explosions around 12k training steps.
With the constraint, training remains stable.

3 The Topology Hypothesis

3.1 Attention as Unconstrained Graph

In standard transformers, the attention mechanism computes:

-
Attention(Q, K, V') = softmax <?/I§7k > 14 (9)

The attention weights A = softmax(QK " /v/dy) form a fully-connected
weighted graph over tokens. Graph Attention Networks [Velickovi¢ et al.)
2018] demonstrated that imposing graph structure on attention—computing
learned attention coefficients over node neighborhoods rather than all pairs—
yields strong performance on graph-structured tasks. However, GAT learns
its attention weights via neural network parameters, providing no geometric
guarantee: the learned graph has no persistent topology, no spectral gap,
and no bounded mixing. Our approach can be viewed as replacing GAT’s
learned attention with geometric attention derived from a fixed topology
(the Tonnetz), trading adaptability for provable spectral properties. Criti-
cally:

Proposition 4 (Attention Graph Has No Persistent Neighborhood Struc-
ture). Let Gy = (V, Ej,w;) be the attention graph at layer 1. The edge weights
wy(i,j) = Aij depend on input-dependent queries and keys. No persistent
topological meighborhood structure is enforced across layers. (Note: posi-
tional encodings and rotary embeddings provide sequence-position informa-
tion but do not constrain the attention graph topology itself.)

This is the root cause of hallucination: without geometric constraints,
latent trajectories can ”jump” to arbitrary regions of R”.



3.2 The Tonnetz as Coherence Manifold

The Tonnetz (German: ”tone network”) is a toroidal lattice historically used
in music theory. We propose it as an ezample topology for semantic coher-
ence—not because of musical associations, but because it is the simplest
nontrivial toroidal graph with constant spectral gap and multiple commut-
ing cycles. The Tonnetz is not privileged for semantic reasons; any low-genus
manifold with comparable spectral properties would serve the same theoret-
ical role.

Definition 4 (Tonnetz Topology). The Tonnetz is a 2-dimensional torus
T2 where:

e Horizontal edges connect notes by perfect fifths (7 semitones)
o Vertical edges connect notes by major thirds (4 semitones)
e Diagonal edges connect notes by minor thirds (3 semitones)

o Triangular faces represent major and minor triads

E --- B ——— F# ——- C# -—- G#
/'N/ N/ N/ N/ N\
C---G-—-D-—-A-—E

N/ N/ N/ N/ N/

Ab--- Eb--- Bb--- F --- C
/N/ N/ N/ NN\
E --—- B -—— F# -—— C# -—— G#

Figure 1: The Tonnetz as a toroidal lattice. Horizontal: fifths. Diagonal:
thirds.

3.3 Why Musical Harmony Maps to Semantic Coherence

The following mapping is structural homology, not semantic isomorphism.
We do not claim musical intervals encode meaning; we claim the graph-
theoretic properties (adjacency, cycles, spectral gap) that make harmonic
relationships coherent also constrain semantic drift when imposed on latent
spaces:



Musical Concept Semantic Analog

Consonance (small intervals) Related concepts
Dissonance (large intervals)  Contradictory ideas
Chord (simultaneous notes)  Coherent proposition

Key (tonal center) Topic/context
Modulation (key change) Topic shift
Resolution (V — 1) Logical conclusion

Proposition 5 (Tonnetz Distance as Semantic Prior). On the Tonnetz, the
graph distance d(u,v) between nodes corresponds to harmonic distance. If
latent representations are embedded such that semantically related concepts
are Tonnetz-adjacent, then Tonnetz distance induces a reqularization prior
on semantic drift:

A onnetz(¢(a), d(b)) <r = dsemantic(a,b) is bounded under constrained evolution
(10)

where ¢ is the embedding into the Tonnetz. This is a constraint, not a

ground-truth mapping.

3.4 Coherent Reasoning as Harmonic Flow

On the Tonnetz topology:

e Coherent reasoning = smooth flow along edges (small harmonic
steps)

e Hallucination = jumps across the torus (large harmonic leaps)
e Topic maintenance = staying within a region (key)
e Logical transitions = modulation along well-defined paths

The spectral gap theorem guarantees that high-frequency modes (abrupt
jumps) are exponentially suppressed, while low-frequency modes (smooth
flow) propagate without loss.

3.5 Spectral Alignment as the Mechanism

The spectral gap explains what is filtered. Spectral alignment (also called
resonance in dynamical systems) explains why: modes that align with the
manifold’s eigenstructure persist under repeated composition.

Definition 5 (Resonance on a Graph). Let T': R™ — R" be the constrained
residual propagation operator (the composition of attention, feedforward, and



topological projection across one layer). A latent state h is resonant with
respect to T if its projection onto the dominant eigenspace of T satisfies:

IPrcxAl? > [ Pazahll? (11)

where Pyx<, projects onto eigenmodes of the graph Laplacian with eigenvalue
below cutoff A..

Resonance is defined with respect to a specific operator acting on a
specific space. In this work, the operator is the Tonnetz-constrained residual
map; the space is the latent manifold.

Resonant signals align with the manifold’s natural modes and propagate
without attenuation under repeated application of T'. Non-resonant signals
dissipate as e .

In practice, resonance can be measured as persistence of low-frequency
latent components across layers, analogous to spectral energy concentration
in graph signal processing Shuman et al.|[2013|. This provides an operational
definition: compute the spectral decomposition of hidden states at each layer
and track the ratio of energy in low-frequency vs. high-frequency bands.

Epistemic boundary: Resonance filters, stabilizes, and selects. It does
not alone guarantee semantic correctness. A resonant mode may be stably
wrong. The claim is that non-resonant modes cannot persist—mnot that
resonant modes are necessarily correct.

More generally, any system where harmonic organization creates con-
structive interference will exhibit mode-selective persistence: aligned modes
reinforce, misaligned modes decay. This is a generic property of spectral
filtering on structured manifolds, not specific to any particular substrateE]

Note on the Tonnetz: The Tonnetz is used here as a minimal example
of a low-genus, cyclic, well-understood resonance manifold with constant
spectral gap—mnot as a claim about human semantic universals or cultural
structure.

4 Formal Unification

4.1 mHC as Special Case of ERLHS

Theorem 6 (Doubly-Stochastic C Hamiltonian Coherence). The mHC' con-
straint H]®® € MPS (doubly-stochastic) is a special case of ERLHS coherence
preservation with:

1. Manifold M = Birkhoff polytope B,
2. Coherence functional H(A) = |A1 — 1|2+ [|[1TA—1T?

! An analogy exists to physical systems (e.g., nanotube arrays with harmonic length
ratios exhibiting extended coherence), but this analogy is not required for the theory and
carries no physical implication for LLMs.



3. Transition operator T = Sinkhorn-Knopp iteration

Proof. The Birkhoff polytope B, is a convex polytope in R™*" with vertices
at permutation matrices. It is a smooth manifold except at vertices.

The coherence functional H(A) = [|A1 —1||> + ||[1T A — 17||?> measures
deviation from doubly-stochastic. Any matrix with H(A) = 0 satisfies the
mHC constraint.

The Sinkhorn-Knopp algorithm is gradient descent on H with respect
to the KL-divergence geometry, converging to the unique doubly-stochastic
matrix in the scaling equivalence class.

Therefore, mHC is ERLHS with a specific (flat, finite-dimensional) man-
ifold choice. I O

Corollary 7 (mHC Lacks Spectral Structure). The Birkhoff polytope, as
a convex subset of R™™  has no intrinsic neighborhood graph or Laplacian
spectrum. Consequently, mHC provides non-expansive mixing but no spectral
filtering—all frequency modes are treated equally. Toroidal topology adds
precisely this missing structure.

4.2 Tonnetz Provides Richer Structure

Theorem 8 (Tonnetz Spectral Advantage). Let T;5 be the Tonnetz (12-tone
equal temperament as T2 with N = 12). Compared to the Birkhoff polytope:

1. Tonnetz has constant spectral gap A\ = 2 — 2cos(w/6) ~ 0.27
2. Birkhoff polytope has no intrinsic spectral structure

3. Tonnetz provides harmonic distance metric

4. Birkhoff polytope provides only convex combination

Proposition 9 (Generalization Hierarchy).

mHC' (Birkhoff) C ERLHS (General Manifold) C Karmonic (Toroidal + Spectral)
(12)
Each level adds structure:

e mHC: Bounded mizing (stability)
e ERLHS: Coherence-preserving flow (no off-manifold drift)

e Karmonic: Spectral filtering (coherent modes preserved, nmoise sup-
pressed)

10



4.3 The Coherence Functional on Tonnetz

Definition 6 (Tonnetz Coherence Functional). For latent state z embedded
on the Tonnetz with coordinates (q,p):

HTonnetz(Z) = Z winZi - Zj||2 + V(Z) (13)
(i,9)EFE

where:
e [irst term: Harmonic coupling (penalizes deviation from neighbors)
e V(2): Potential encoding learned semantic relationships

Theorem 10 (Hamiltonian Flow on Tonnetz). The Hamiltonian equations:

OH OH
,_on o 14
i=5, P 94 (14)
preserve H exactly. Discretized via symplectic integrators, the coherence
error is bounded:

|H(27) — H(z0)| < C - AtF - T (15)
for k-th order integrator with step size At.

4.4 Covariant Descent: Why Geometry Guarantees Conver-
gence

Standard gradient descent treats the parameter space as flat R”, ignoring the
geometric structure of the manifold on which latent states evolve. Covari-
ant descent replaces the Euclidean gradient with the Riemannian gradient
compatible with the manifold metric, yielding convergence guarantees that
are impossible in flat space.

Definition 7 (Covariant Gradient Descent on T?). Given a loss function
L:T? = R on the Tonnetz torus, the covariant update is:

0141 = Expg, (—n- g~ 'VL(0;)) (16)

where Exp is the exponential map on T? (geodesic step with wraparound), g
is the Riemannian metric tensor, and g~V L is the natural gradient [Amari,

1998).

The key distinction: on 72, the exponential map implements periodic
boundary conditions automatically—the descent wraps around the torus
rather than escaping to infinity. This is precisely what toroidal logit bias
enforces at inference time.

11



Theorem 11 (Poincaré Inequality on T2). For any function f € L*(T?)
with mean f:

I1F =717 < IV 5P (1)
1

where A\; = 2 — 2cos(2w/N) is the spectral gap. This bounds the mazimum
deviation of any state from equilibrium by the inverse spectral gap.

Corollary 12 (Exponential Convergence). Covariant gradient flow on T?
converges exponentially:

1FE) = 5 < e £(0) = £ (18)

The convergence rate is exactly A\ —the same spectral gap that bounds coher-
ence decay in quantum systems [Cormier, |2024], mizing time in consensus
protocols [Cormier, 20250, and hallucination drift in language models (this
work).

This reveals the deep structure: convergence and coherence are the same
mathematical property measured in different domains. The spectral gap is
not merely correlated with coherence—it is the convergence rate of any
gradient flow on the manifold. Without it (A\; = 0, as in flat R™), no
convergence guarantee exists. With it (A; > 0, as on T2), convergence is
exponential and the rate is tight.

This connects to the natural gradient of |Amari| [1998], which uses the
Fisher information metric for probability distributions, and to Riemannian
stochastic gradient descent [Bonnabel, |2013], which generalizes SGD to ar-
bitrary manifolds. Our contribution is identifying that the Tonnetz torus
provides an optimal structure: the spectral gap Ay = ©(1) is independent
of model dimension, giving dimension-free convergence bounds that scale to
arbitrary model sizes.

5 Implications for LLM Architecture

5.1 Tonnetz Embedding: A Concrete Mechanism

The question "how do you place tokens on the Tonnetz?” requires a concrete
answer. We propose one viable mechanism (not the only one):

Learned Toroidal Projection. Define a learnable projection ¢g :
R? — 72 that maps token embeddings to Tonnetz coordinates:

pg(e) = (c(Wie) mod 1,0(W2e) mod 1) (19)

where Wi, Wy € R4 are learned, ¢ is sigmoid, and mod 1 enforces
toroidal wraparound.

12



Adjacency Loss. Train ¢y jointly with the model using a loss that
encourages semantically related tokens to be Tonnetz-adjacent:

»Ctopo = E(a,b)r\aco-occur [dT(¢(a)7 (b(b))]_)"E(a,c)Nrandom [dT(d)(a)a ¢(C))} (20)

The first term pulls co-occurring tokens together; the second prevents col-
lapse.

Alternative: Post-hoc Verification. If architectural integration is
impractical, Tonnetz structure can serve as a diagnostic: project trained
embeddings onto 72 via spectral methods and measure whether semantic
clusters map to Tonnetz neighborhoods. This verifies whether existing mod-
els implicitly learn toroidal structure, without modifying architecture.

Limitations. Learned embeddings may not converge to musically-
meaningful Tonnetz positions—and they need not. The goal is spectral
structure, not harmonic fidelity. Any embedding that induces constant spec-
tral gap suffices.

5.2 Tonnetz-Constrained Attention

Definition 8 (Topological Attention). Replace standard attention with Tonnetz-
constrained attention:

QKT
Vi

where M onnet, 1S a mask encoding Tonnetz adjacency:

TopoAttention(Q, K,V) = softmax( ® MTmmetz> \% (21)

1 lf dTonnetz(iuj) <r

N 22
efovdTomwtz(Z:]) OtheT"LU’L.Se ( )

MTonnetz(ia ]) = {

This constrains attention to respect topological locality while allowing
exponentially-suppressed long-range connections.

Recall-coherence tradeoff. Suppressing long-range attention may
hurt tasks requiring non-local retrieval (e.g., copying from distant context,
long-range coreference). The optimal radius r and decay rate « are task-
dependent. We do not claim a universal setting; we claim the tradeoff exists
and is tunable. For tasks prioritizing coherence over recall, tighter con-
straints help. For knowledge-intensive retrieval, looser constraints (larger r)
may be necessary.

5.3 Coherence-Preserving Residual Streams

Combine mHC’s doubly-stochastic constraint with Tonnetz structure:

Hi™ = P, (Promnets(H}™)) (23)

13



First project onto Tonnetz-compatible matrices (respecting harmonic
distance), then project onto doubly-stochastic (ensuring bounded mixing).

Open design choice: The projection order matters and is not uniquely
determined by theory. Alternative orderings (Birkhoff first, then Tonnetz)
may have different contractivity properties. Whether the composition pre-
serves positivity depends on the Tonnetz projection definition. We present
this as one viable instantiation; optimal projection sequencing remains an
empirical question.

5.4 Inference-Time Coherence Verification

The ERLHS coherence verifier C' can operate at inference time:
1. Compute H(z:) at each generation step
2. If H(zt41) > H(2) + e reject token, resample
3. Track cumulative coherence drift: ), AH;

4. Alert if trajectory leaves coherent region

This provides runtime hallucination detection without retraining.

6 Experimental Validation

We conducted two complementary experiments to validate the theoretical
predictions: (1) a minimal validation on synthetic sequences (<1 GPU-
hour), and (2) a scaled experiment on Phi-2 (2.7B parameters) with standard
hallucination benchmarks.

6.1 Experiment 1: Minimal Validation (Synthetic)

Setup:

e 2-layer transformer, d,oqe = 64, 4 attention heads

e Synthetic task: next-token prediction on sequences with controlled
semantic drift

e Training data: sequences where valid continuations are Tonnetz-adjacent;

invalid continuations require “jumps”
e Runtime: ~3 minutes on CPU
Conditions:

1. Baseline: Standard attention (unconstrained)

14



2. mHC: Doubly-stochastic residual mixing (Sinkhorn-Knopp)
3. Toroidal: Attention mask Mronnetz With exponential distance decay

Results:

Condition Drift Rate Coherence Var Grad Norm

Baseline 0.0100 35.76 0.27
mHC 0.0133 1010.54 1.60
Toroidal 0.0060 41.93 0.22

Key finding: Toroidal attention reduces drift rate by 40% compared to
baseline (0.0060 vs 0.0100), while maintaining stable gradients. The mHC
condition shows high coherence variance (1010.54), suggesting that doubly-
stochastic constraints alone do not preserve semantic coherence on this task.

6.2 Experiment 2: Scaled Validation (Phi-2, 2.7B)

Setup:
e Base model: Microsoft Phi-2 (2.7B parameters)
e Fine-tuning: LoRA (r = 16, a = 32, dropout = 0.1)
e Training data: OpenAssistant/oasstl
e Epochs: 3, batch size 4 (effective 16), learning rate 2 x 107°
e Hardware: NVIDIA A100 (RunPod), ~22 GPU-hours total
Conditions:
1. Baseline: Standard causal attention
2. Local window: Exponential decay with linear distance (o = 0.3)
3. Random: Random sparse mask (matched sparsity, negative control)
4. Toroidal: Periodic boundary conditions on 2D torus (grid size 12)
Benchmarks:

e TruthfulQA (817 questions): Measures tendency to give truthful vs.
common misconceptions

e HaluEval (500 questions): Measures preference for factual vs. hallu-
cinated answers

Results:

15



Condition TruthfulQA HaluEval Train Loss Runtime

Baseline 14.44% 55.00% 1.6708 5h 29m
Local window 17.26% 53.00% 1.6704 5h 29m
Random 15.30% 55.20% 1.6706 5h 28m
Toroidal 17.26% 52.60% 1.6699 5h 30m

Key findings:

1. Toroidal attention achieves best overall performance: Ties lo-
cal window on Truthful QA (+19.5% relative to baseline) and beats it
on HaluEval (52.60% vs 53.00%).

2. Structure matters, not sparsity: Random sparse attention (matched
sparsity) shows negligible improvement over baseline (+0.86pp Truth-
fulQA, +0.20pp HaluEval). The benefit is from geometric structure,
not computational reduction.

3. No training penalty: Loss curves are identical across conditions.
The effect emerges in evaluation, not training dynamics.

4. Gradient stability maintained: All conditions show stable gradient
norms (0.35-0.80), with no instability from topological constraints.

6.3 Interpretation

The experimental results validate both theoretical predictions:

e Prediction 1 (Stability): Confirmed—toroidal attention maintains
stable training at 2.7B scale.

e Prediction 2 (Hallucination rate): Not confirmed out-of-sample.
Training-time toroidal attention improves in-sample Truthful QA /HaluEval
at 2.7B, but a controlled replication (4 models, 3 benchmarks, 6 phases)
found the inference-time toroidal logit bias yields no statistically signif-
icant hallucination reduction on held-out data (McNemar p = 0.22);
the earlier +2.1-2.8pp gains were within LLM-judge sampling vari-
ance.

e Prediction 3 (Coherence metrics): Partially confirmed—drift rate
reduction (40%) on synthetic sequences correlates with improved bench-
mark performance.

The toroidal condition’s advantage over local window on HaluEval (0.40pp)
suggests that periodic boundary conditions provide additional benefit be-
yond simple locality—Ilikely by eliminating edge effects where tokens at se-
quence boundaries have asymmetric attention patterns.

16



6.4 Experiment 3: Universal Transformer + Toroidal Logit
Bias

The preceding experiments inject toroidal structure into attention weights
(training-time) or attention scores (inference-time). A natural question
arises: does toroidal coherence compose with architectures that already per-
form iterative refinement?

ByteDance’s Ouro-1.4B [ByteDance, [2025] is a Universal Transformer
(UT) that processes each token through K recurrent loops of the same trans-
former block, with a learned early-exit mechanism. Increasing K improves
output quality at the cost of proportional compute. Ouro provides a con-
trolled setting to test whether toroidal logit bias (TLB) offers complementary
coherence refinement to iterative computation.

6.4.1 Attention-Level Injection (Negative Result)

We first attempted to inject toroidal structure directly into Ouro’s attention
scores, adding an additive mask My € R9%S to the causal attention mask
before softmax:

A’ = softmax (QKT + Meausal + o - M ) (24)
\/@ causa T

We swept 32 configurations: strengths o € {0.01,0.05,0.1,0.2}, two
mask radii (r = 2,7 = 4), and two layer fractions (last 15% and last 33% of
layers). All 32 configurations produced exactly 0% accuracy change
relative to baseline. At higher strengths (o > 0.5, tested separately), the
UT loop destabilized—perplexity increased 4x and accuracy dropped 15
percentage points.

Interpretation: The UT’s iterative refinement creates a self-stabilizing
attractor in attention space. Small perturbations are absorbed by subse-
quent iterations; large perturbations disrupt convergence entirely. There
is no “sweet spot” for attention-level toroidal injection in Universal Trans-
formers.

This negative result is informative: it establishes that toroidal coherence
cannot be injected at every level of the architecture. The mechanism must
match the abstraction layer.

6.4.2 Logit-Level TLB (Positive Result)

We then applied TLB at the output logit level, using the same distance-
based bias as Equation 3 in the TLB paper [Cormier} 2026]:

k 1 Oé(T’—dT(t_i,’U)-i-l) dT <r
O] = L]+ = o/2 r<dp<2r (25
=1

0 otherwise
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This modifies the output distribution without interfering with the UT’s
internal convergence dynamics.
Initial Results (20-prompt factual QA benchmark, RTX 4090):

Configuration PPL Accuracy A vs B@4 A vs B@QS
Baseline (4 loops) 2.89 80% — —5%
Baseline (8 loops) 2.95 85% +5% —
TLB a=0.3, r=3 @ 4 loops 2.89 85% +5% +0%
TLB o=0.5, =3 @ 4 loops 2.89 90% +10% +5%
TLB a=1.0, r=3 @ 4 loops 2.89 75% —5% —10%
TLB a=0.5, r=2 @ 4 loops 2.89 80% +0% —5%
TLB a=0.5, r=3 @ 8 loops 2.95 85% +5% +0%

Fine-Grained Hyperparameter Sweep (64 configurations: o € {0.30,0.35,0.40, 0.45,0.50, 0.5!
r € {2.5,3.0,3.5,4.0}, K € {4,8}):
Accuracy delta (A) vs. baseline at 4 UT loops (80%):

a\r 2.5 3.0 3.5 4.0

030 =0 +5 +10 +10
035 0 +5 +10 +10
040 £0 410 +10 +10
045 £0 +10 +10 +5
050 +£0 +10 +10 +5
055 +5 +10 +10 =0
0.60 +5 +10 +10 +5
0.70 +5 +5 +0 -5

13 of 32 configurations achieve the maximum +10% improvement (90% accu-
racy), forming a contiguous plateau across a € [0.30,0.60] and r € [3.0, 3.5].
At 8 UT loops, all 32 configurations show < 0% delta, with destructive
effects (—5 to —10%) appearing only at o > 0.60, r > 3.5.

6.4.3 Key Findings

1. TLB at 4 UT loops outperforms 8 UT loops alone. The best con-
figurations (e.g., TLB a=0.40, r=3.0, 4 loops) achieve 90% accuracy, exceed-
ing the 8-loop baseline (85%). This demonstrates that geometric coherence
in decision space can substitute for computational depth in representation
space.

2. The improvement is robust, not fragile. 13 of 32 tested con-
figurations at 4 loops achieve the maximum +10% improvement, spanning
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a € [0.30,0.60] and r € [3.0,3.5]. This broad plateau rules out the hypothe-
sis that the effect is a lucky hyperparameter artifact. The contiguous region
in (o, ) space suggests a genuine geometric mechanism with wide tolerance.

3. Sharp radius threshold at r=3. Radius r=2.5 never achieves
+10%—all eight « values at r=2.5 produce < 5% improvement. At r=3.0,
five of eight a values reach +10%. This discrete transition (not gradual
falloff) implies the toroidal embedding has a characteristic coherence dis-
tance: correct alternative tokens sit approximately 3 hops from the top-
ranked candidate on the torus, matching the harmonic structure of the Ton-
netz.

4. TLB and UT loops are complementary at low loop counts,
redundant at high loop counts. At 4 loops, TLB provides +10% by
correcting near-miss ranking errors the under-refined representations leave
unresolved. At 8 loops, all 32 configurations show < 0% delta—the UT has
already self-corrected those errors. This convergence confirms both mecha-
nisms target the same error class through different channels.

5. Graceful degradation bounds. Lower « values are universally
safe: «=0.30 produces > 0% delta across all radii at both 4 and 8 loops.
Destructive effects (—5 to —10%) appear only at o > 0.70 with » > 3.5, and
only at 8 loops for a=0.60. The practitioner guidance is clear: moderate «
with r &~ 3 is safe across all configurations.

6. TLB is a refinement mechanism, not a retrieval mechanism.
The prompts TLB corrects (Shakespeare’s plays, digits of 7) are near-miss
errors where the correct token was close to the decision boundary. The
prompts TLB cannot correct (DNA abbreviation, speed of light) represent
deep retrieval gaps where the correct answer was never surfaced by the
forward pass.

6.4.4 Computational Efficiency Argument

Each UT loop requires a full attention + FFN forward pass (O(Sd? + S2d)).
TLB requires adding a precomputed bias vector to the logits (O(V') where
V is vocabulary size). The cost ratio is:

TLB cost \%4 <
UT loop cost  Sd? + S2d

1 (26)

For Ouro-1.4B (d=2048, S=512, V=32000): TLB replaces 4 additional
UT loops (loops 5-8) with a single O(32000) operation, achieving better
results at approximately 2x wall-clock speedup.

6.4.5 Theoretical Interpretation

This result has a natural interpretation within the coherence framework:
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e UT loops build coherence in representation space: hidden states con-
verge through recurrent computation, resolving ambiguity in internal
representations.

e TLB imposes coherence in decision space: the output logit distribu-
tion is shaped by geometric locality on the torus, promoting tokens
that are topologically consistent with recent context.

These are orthogonal refinement axes. When representation-space coher-
ence is incomplete (few loops), decision-space coherence compensates. When
representation-space coherence has converged (many loops), decision-space
coherence is redundant.

The optimal operating point is therefore not maximum loops + maxi-
mum TLB, but reduced loops + calibrated TLB—geometric structure sub-
stituting for expensive computation. This aligns with the broader thesis:
topology is not merely an aesthetic constraint but a computational resource.

7 Discussion

7.1 Why Not Implicit Smoothing?

Standard transformer components provide some implicit spectral filtering:
LayerNorm suppresses outlier activations, softmax temperature controls at-
tention sharpness, and multi-head averaging smooths individual head out-
puts. However, none of these impose topological constraints—they operate
pointwise or via soft weighting, not via manifold structure. They smooth
without providing a conserved quantity or spectral gap guarantee. The
distinction is between ad-hoc regularization (which helps) and geometric
constraint (which bounds).

7.2 Why Hasn’t This Been Done?

Several factors explain why topological constraints haven’t been widely ex-
plored:

1. Scaling laws focus: Research prioritized parameter count and data
size over architectural constraints

2. Geometric ML is young: Hamiltonian neural networks |Greydanus
et al 2019] appeared only in 2019; hyperbolic embeddings for LLMs
[Patel et al 2025] emerged in 2025

3. mHC just published: The empirical confirmation of instability
without constraints appeared January 2026

4. Interdisciplinary gap: Music theory (Tonnetz), physics (Hamilto-
nian), and ML rarely intersect
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7.3 Relationship to Other Approaches

Approach What It Constrains Limitation

RLHF Output distribution No latent geometry
Constitutional Al Output rules No latent geometry
Retrieval augmentation Knowledge access No reasoning constraint
Chain-of-thought Output format No geometric constraint
mHC Residual mixing No semantic structure
GAT [Velickovié et al., 2018] Graph attention weights Learned, no spectral guar:
Hyperbolic LLMs [Patel et al., 2025] Hierarchical structure No local coherence
Geometric Volume [Phillips et al., [2025] Detects dispersion post-hoc No prevention mechanism
Tonnetz-ERLHS Latent geometry Embedding complexity; m

Note on geometric approaches: Hyperbolic geometry [Patel et al., 2025]
excels at representing hierarchical structures (trees, taxonomies) due to its
negative curvature, while toroidal geometry (this work) enforces local co-
herence through periodic boundaries and spectral gaps. These are comple-
mentary: hyperbolic for semantic hierarchy, toroidal for inference stability.
Future work may combine both.

7.4 Empirical Validation from Geometric Detection

Recent independent work by Phillips et al.| [2025] provides empirical support
for the geometric perspective on hallucination. Their key finding—that the
convex hull volume of attention archetypes correlates with hallucination
frequency—is precisely what the spectral gap theorem predicts.

Theorem 13 (Volume-Spectral Duality). Let V(t) denote the convex hull
volume of attention archetype projections at layert, and let A1 be the spectral
gap of the constrained attention graph. Then:

V() <V(0)-e ™M+ Croise (27)

where Chpoise bounds irreducible noise from finite sampling. That is, geomet-
ric dispersion—the mechanism identified by|Phillips et al| [2025] as correlat-
ing with hallucination—is exponentially bounded by topological constraints.

Proof sketch. The convex hull volume of projected archetypes measures the
spread of attention mass across the latent space. Under spectral filtering
with gap A1, high-frequency modes (which expand the convex hull) decay
—Mitwhile low-frequency modes (which preserve the hull’s centroid) are
invariant. Therefore, volume expansion is bounded by the decay rate of
incoherent modes. [ O

as e

This duality reveals the complementary nature of detection and preven-
tion:
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e Detection [Phillips et al., [2025]: Measure V (t); high values indicate
likely hallucination

e Prevention (this work): Enforce A; > 0; hallucination probability
decreases exponentially

The theoretical contribution here is explaining why geometric dispersion
correlates with hallucination: it reflects violation of the spectral gap bound.

7.5 Empirical Support from Zigzag Persistence

Concurrent work by (Gardinazzi et al| [2025] provides additional empirical
validation using zigzag persistence from topological data analysis. They
track the birth and death of p-dimensional holes (connected components,
loops, voids) across transformer layers and identify four distinct phases:

1. Early layers: Rapid rearrangement, many short-lived topological fea-
tures

2. Middle layers: Stable phase where topological features have highest
persistence

3. Middle-to-late: Refinement with few short-lived adjustments

4. Final layers: New rearrangements preparing for output

Their key finding—that topological features in middle layers have highest
inter-layer persistence—is precisely what the spectral gap theorem predicts:
coherent modes (low-frequency) propagate without attenuation, while inco-
herent modes (high-frequency) decay as e~*?. Their inter-layer persistence
metric Z_p empirically measures the effect we characterize theoretically.

This establishes a three-way convergence from independent research pro-
grams:

Approach Method Finding

Phillips et al. Convex hull volume Geometric dispersion 1 = hallucination 1
Gardinazzi et al. Zigzag persistence Topological instability T = layer importance 1

This work Spectral gap Enforcing A1 > 0 bounds both

The convergence suggests that geometric/topological coherence is not
an artifact of any single methodology but a fundamental property of stable
transformer dynamics.
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7.6 Information-Theoretic Foundations: Why Constraints Are
Necessary

Recent work by [Zenil [2026] provides the information-theoretic foundations
explaining why topological constraints are necessary, not merely helpful.
Zenil proves two fundamental failure modes of unconstrained self-referential
training:

1. Entropy Decay: Under self-training with finite samples, model en-
tropy forms a supermartingale—it can only decrease. The distribution
inevitably collapses to a degenerate fixed point.

2. Variance Amplification: Without external grounding, the model’s
representation of truth drifts as a random walk, bounded only by sup-
port diameter.

Critically, Zenil shows these failures are consequences of the Data Pro-
cessing Inequality (DPI):

I(M; Q1) < I(M;Qy) (28)

where M is the true generating mechanism. Statistical learning cannot
increase information about the underlying mechanism—it can only contract.

The escape route Zenil identifies is structural constraints that operate
in program/mechanism space rather than distribution space. His symbolic
projection operator IIs reduces hypothesis space volume by enforcing invari-
ants, achieving contraction factor ¢ < 1 that statistical updates cannot.

Our contribution is the constructive realization: the Tonnetz
topology with spectral gap A1 > 0 is a specific instance of Zenil’s abstract
IIs. The spectral gap enforces precisely the structural constraint needed to
escape DPI bounds:

Zenil’s Abstract Framework Our Concrete Realization
Symbolic projection Ilg Toroidal attention mask Mronnets
Contraction factor o < 1 Spectral gap A1 = O(1)

Algorithmic complexity bound K(p) < L Geodesic distance bound dronnetz < 7
Escape from entropy decay 40% drift reduction (experimental)

This connection establishes a complete theoretical chain: Zenil proves
constraints are necessary; we provide a constraint that is sufficient; experi-
ments confirm it works.
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7.7

1.

Limitations

Embedding challenge: Mapping tokens to Tonnetz positions re-
quires learning or heuristics

Computational overhead: Topological constraints add operations
per layer

Expressivity tradeoff: Constraints may limit model capacity for
some tasks

Limited model diversity: Validated on Phi-2 (2.7B, standard trans-
former) and Ouro-1.4B (Universal Transformer). Generalization to
larger models (7B+) and other recurrent architectures remains to be
demonstrated

Effect size varies by mechanism: Attention-level toroidal injection
shows modest gains (+0.40pp on HaluEval); logit-level TLB shows
stronger effects (+10% on Ouro). The optimal injection point depends
on architecture

Small benchmark for Ouro results: The 20-prompt factual QA
benchmark, while validated across 64 hyperparameter configurations
showing a robust improvement plateau, lacks the statistical power
of larger benchmarks. TruthfulQA MCI1 evaluation (200 questions)
showed zero effect, likely because MC1 scoring uses mean-of-last-token
logits (a discrimination task) rather than autoregressive generation—
where TLB’s logit bias operates. This distinction between generation-
time and discrimination-time evaluation is an important methodolog-
ical consideration for future work

8 Replication Update: Inference-Time Logit Bias

(March 2026)

A comprehensive independent replication of the inference-time toroidal logit
bias (TLB) found that it does not produce statistically significant
hallucination reduction. This affects Experiment 3 (Ouro TLB) and the
companion multi-model Truthful QA results published separately |Cormier

2026).

8.1

Replication Scope

Six experimental phases across 4 models (Qwen 0.5B/1.5B/7B, Mistral-7B),
3 benchmarks (Truthful QA, TriviaQA, NQ-Open), n = 100-200 per condi-

tion:
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8.2

8.3

. Greedy decoding (4 models x 3 benchmarks): All null. At a = 0.3,

max logit shift ~0.9 — insufficient to change argmax.

T&I exact replication (Qwen-7B, n = 200): Baseline 76.5% T&I
(matches published 75.6%). Toroidal: 74.5% (—2.0pp, McNemar p =
0.22).

Alpha sweep (a € {0.3,1.0,3.0,5.0,10.0}): Monotonic degradation.
No beneficial operating point.

Factorial decomposition: Hardening system prompt accounts for
—14pp hallucination reduction (p = 0.05). TLB contributes Opp (p =
0.88).

Semantic torus mapping: Replacing modular arithmetic with learned
embedding alignment. Small directional effects (—1pp), not signifi-
cant.

Orthogonal projection: G = VV' ' on hidden states. Question-only
evidence basis too restrictive; expanded with top-k predictions still
zero effect.

What This Means for This Paper

Experiments 1-2 (training-time) are unaffected. The toy model
drift reduction (40%) and Phi-2 LoRA results use toroidal attention
masks during training, not inference-time logit bias. These remain
valid.

Experiment 3 (Ouro TLB) is weakened. The n = 20 benchmark
showed positive results, but inference-time TLB does not replicate on
standard benchmarks at n = 200. The Ouro result may reflect the
small sample size or architecture-specific effects.

The multi-model Truthful QA results (+2.1pp to +2.8pp) pub-
lished in the companion paper [Cormier, 2026] do not replicate.
They were within LLM judge sampling variance.

The theoretical framework is unchanged. The spectral gap
bounds, hierarchy of constraints, and Volume-Spectral Duality the-
orem are mathematical results independent of empirical validation.

Corrected Understanding

The gap between theory and practice is now clear: toroidal topology pro-
vides bounded drift at training time (confirmed by Experiments 1-2) but
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inference-time logit biasing at practical « values is too weak to measur-
ably influence generation. The promising direction is training-time Kar-
monic spectral regularization—integrating toroidal constraints into the
loss function during fine-tuning, as validated in the companion Karmonic
LLM paper (DOI: 10.5281/zenodo.18746144, +1.3pp MC1, +4.4pp MC2 on
TruthfulQA).

9 Conclusion

We have established:

1. Residual geometry determines reasoning stability: Unconstrained
latent dynamics lack the conserved quantities necessary for bounded
inference

2. mHC empirically confirms the principle: Doubly-stochastic con-
straints are necessary for stable training at scale

3. A formal hierarchy exists: mHC (Birkhoff) ¢ ERLHS (Hamilto-
nian) C Karmonic (Toroidal + Spectral)

4. Tonnetz is a constructive existence proof: Toroidal topology
with constant spectral gap demonstrates richer structure is achievable

5. Hallucination is a consequence, not a cause: Reduced drift fol-
lows from geometric constraints, not alignment heuristics

6. Training-time validation confirms the theory: Toroidal atten-
tion achieves 40% drift reduction on synthetic sequences and +19.5%
relative improvement on Truthful QA at 2.7B scale (training-time LoRA).
However, inference-time logit biasing does not replicate at scale (Sec-
tion . The gap between training-time and inference-time effective-
ness is the key open question

7. Detection and prevention are dual: The Volume-Spectral Du-
ality theorem explains why geometric dispersion metrics [Phillips et
al., 2025 correlate with hallucination—they measure violation of the
spectral gap bound

The central contribution is a sufficient condition:
Geometric constraints provide one principled path to coherent

artificial intelligence—not the only path, but a formally grounded
one with empirical validation.
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Future foundation models should consider topological constraints at the
architectural level. The mathematical framework exists. Training-time
experimental validation demonstrates efficacy; inference-time logit biasing
does not (Section [§)).

Notably, toroidal topology provides coherence guarantees beyond the
LLM domain. The QuantumTimeSandwich platform |Cormier, [2024] demon-
strates the same principle in quantum computing: a Rust-native quantum
SDK implementing BB84 key distribution, toric code error correction, and
Tonnetz coherence simulation—all built on the same toroidal geometry that
constrains drift in our LLM experiments. This cross-domain applicability
reinforces the central thesis: the spectral gap is a geometric property, not a
domain-specific one.

An interactive demo is available at https://huggingface.co/spaces/
paraxiom/topological-coherence.
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